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1 Introduction

Elimination theory, which consists of algorithmic approaches to eliminating
some variables between polynomials of several variables, may be considered
as the origin of algebraic geometry. Its history can be traced back to the
17th and 18th century to Newton, Euler and Bézout [23]. The resultant of
two polynomials in one variable was given by Euler(1748) and Bézout(1764)
and the term “resultant” was also introduced by Bézout. In old literature,
we may find the term “eliminant” as it was suggested by De Morgan. The
further study of resultants goes back to the works of Jacobi, Sylvester, Bé-
zout, Cayley, Macaulay and Dixonﬂ This classical method of elimination
theory has been for a long time a major tool to compute zeroes of a set of
polynomials. Resultants are used as a computational tool for elimination of
variables as well as a tool for the study of complexity aspects of polynomial
system solving. This has renewed the interest in finding explicit formulas for
the computation of resultants in the 90’s.

The earliest use of what amounts to the existence of Groebner bases may be
that of Gordan in 1900 to deduce Hilbert’s basis theorem. A major step to
the theory on Groebner bases presented in this thesis was taken by Macaulay
in 1927 when he introduced total ordering of the set of monomials of a ring.
Groebner Bases were first introduced in 1965 by Bruno Buchberger in his
Ph.D. thesis [4] and are named after his supervisor Wolfgang Grébner. Its
use became fashionable since we began using computers?

The aim of this master thesis is to analyse two different methods used for
elimination problems: the Groebner bases and the more classical approach
with resultants. However, the thesis is not restricted to the elimination prob-
lem, but we also give other applications of Groebner bases and resultants.
We begin the master thesis by introducing orderings on the set of monomials
before we give a reminder on ideals and the Hilbert basis theorem.

The main part of the thesis is divided in two.

The first part, Section {4l is about Groebner bases. We start with the ideal
membership problem which leads us to the division algorithm in the multi-
variate case. Then we realize that the remainder of the division algorithm
is in general not unique and this is where we introduce Groebner bases. Af-
ter giving some properties of Groebner bases, we want to know how we can
construct such bases and therefore we consider the Buchberger algorithm.
However, this algorithm provides us with Groebner bases that may not be

'More details on the history of resultants can be found in A Brief History of Mathe-
matics [12, p. 143-145].

2More details on the history of Groebner bases can be found in Commutative Algebra:
With a View Toward Algebraic Geometry [11, Section 15.6].



unique and may be bigger than necessary. In Subsection Least Com-
mon Multiple and Greatest Common Divisor of Polynomials, we will give an
algorithm that provides a unique type of Groebner bases. We finish this first
part by some applications of Groebner bases.

The second part, Section [ is about resultants. We start by introducing
univariate resultants before we pass on to the general theory of multivariate
resultants. There we start by defining the multivariate resultant of two ho-
mogeneous polynomials in two variables. Then we pass on to the multivariate
resultant of n homogeneous polynomials in n variables and finally we get to
the general case with n non-homogeneous polynomials in n — 1 variables. In
this second section of the main part of the thesis we also compare Groebner
bases to univariate resultants.

Section [2l about monomial orderings is necessary to understand the two sec-
tions of the main part. The reminder on ideals and the Hilbert basis theorem,
Section [3| is only necessary for Section 4] about Groebner Bases. The two
main parts of the thesis, Section 4] and Section [5 are independent, except
for Subsection on the comparison of Groebner bases and univariate re-
sultants.

Section |3 is based on notes of Bertram [3] and on Abstract algebra with ap-
plications (in two volumes). Vol. II: Rings and fields |25]. Section {4| about
Groebner bases is mainly based on Ideals, Varieties, and Algorithms: An
Introduction to Computational Algebraic Geometry and Commutative Alge-
bra [0], Computing in Algebraic Geometry: A Quick Start Using SINGULAR
[8], A Singular Introduction to Commutative Algebra [14] and Introduction to
Algebraic Computation [18]. Section 5| on resultants is mainly based on The
Algebraic Theory of Modular Systems [19], Introduction to resultants |26] and
Grébner Bases and Resultants [23).

The computation tool used in this thesis is SINGULAR [14].



2 Monomial Orderings

Let k£ be a field. The notion of orderings of terms in polynomials is a key
ingredient for the division algorithm in k[z] and for the row-reduction (Gaus-
sian elimination) algorithm for systems of linear equations. Therefore we
might guess that if we try to extend polynomial division or row reduction to
arbitrary polynomials in several variables, we will need to write a polynomial
f € k[xy,...,x,] in a unique ordered way. In other words we need to define
an ordering on the terms in polynomials in k[xy, ..., z,).

In the following, we will denote a monomial of k[x1, ..., x,] by % = " -...-x%",
where o = (aq,...,a,) € Z2%, is the n-tuple of exponents. This notation
reveals a one-to-one correspondence between the monomials in kfz, ..., z,]
and ZZ,.

Definition 2.1.

1) A monomial ordering on k[z1, ..., x,| is a total ordering > on the set
of monomials %, o € Z%, which is multiplicalive:

x>z’ = x> 2’ for each vy € Z%,.

2) A monomial ordering > on klxq,...,x,] is

- global, if x; > 1 fori=1,...,n,
- local, if 1 > x; fori=1,...,n, and
- mixed, otherwise.
The terms global and local come from geometry, referring to the global and

local study of an algebraic set. In the following, we will mainly focus on
global orderings.

Example 1.

1) The lexicographic ordering is a global monomial ordering:
let o, B € 25,

T >0 x”

<= the leftmost nonzero entry of the vector o — 3 is positive.

That >, is a total ordering follows directly from the definition and
the fact that the usual numerical order on Z% is a total ordering. This
total ordering is multiplicative: If x® >, x”, then the leftmost non-
zero entry of a — 3, say a; — f3; is positive. For any v € Z% we have

3



'z = 277 and 2’2’ = 7P, Then in (y+a)— (v +8) =a— 3,
the leftmost non-zero entry is again o; — 3; > 0 and so z7z® > z z”.
This ordering is global as for every ¢ = 1,...,n we have x; = x“ with
a; = 1 and o = 0 for j # 4. In addition 1 = x# with 3; = 0 for
every j = 1,...,n and therefore the leftmost non-zero entry in o — (3 is
a; =1 > 0. Finally we have z; >, 1 fori=1,...,n.

2) The graded lexicographic ordering is a global monomial ordering:
let , 8 € Z%,

T > griea ' = deg(z®) = Z o > ZB@' = deg(wﬁ)
i=1 i=1

or
deg(x®) = deg(z”) and x* >, =’.

That > g, is a total ordering follows directly from the definition. We
have for any v € Z%,
x> —= x> 'z’

since the partial ordering by degree and the lexicographic ordering both
have that property. This ordering is global as for every i = 1,....n we
have z; = * with a; = 1 and a;; = 0 for j # 7. In addition 1 = x? with
B = 0 for every j = 1,...,n and therefore deg(a) =1 > 0 = deg(p).
Finally, we have x; >ge, 1 for i =1,...,n.

Remark 1.

1) If it is clear which monomial ordering we are considering, we denote
>leq, Tespectively > .., or any other ordering, simply by >.

2) Let > be a monomial ordering on k[xy, ..., x,]. The following statements
are equivalent:

(a) > is global.
(b) > refines the natural partial ordering >, on Z%,. That is,
(07 znat 6 = wa > wﬁa

where o >, ( if and only if @ — 8 € ZY%, if and only if x“ is
divisible by x”.

(c) > is a well-ordering. That is, every non-empty set of monomials
in k[z1, ..., z,] has the least element with respect to >.

4



In particular the implication (b) = (c¢) follows from Hilbert’s basis
theoremﬂ which in this context tells us that every subset of Z%, has at
most finitely many minimal elements with respect to >,,4;.

Definition 2.2. Let us consider a non-zero polynomial f € klz1, ..., x,| and
fix a monomial ordering on k[xq,...,x,]:

1) The largest monomial of f, LM(f), is called the leading monomial
of f.

2) The coefficient in front of LM (f) is called the leading coefficient of
f and is denoted by LC(f).

3) The leading term of f is defined by LT(f) = LC(f) - LM(f).
4) If LM(f) = x®, then multideg(f) = « is called the multidegree of f.
Example 2. Consider f = bz?yz — Tz2° in klx, v, 2].

- Let us take as monomial ordering the lexicographic ordering which is
in this case usually the alphabetic ordering: x >y > 2z > 1. Then we

have

ryz > x2°

as (2,1,1) — (1,0,5) = (1,1,—4) i.e the leftmost entry is positive.
Therefore

LM(f) = ayz, LC(f) = 5, LT(f) = 52%y>
and multideg(f) = (2,1,1).

- Consider now the same polynomial f, but let us take as monomial
ordering the graded lexicographic ordering. Then we have

r2° > 1%yz
as |(1,0,5)| =6 >4 =(2,1,1)]. Therefore

LM(f) =z2°, LC(f) = —17, LT(f) = —Tz2"
and multideg(f) = (1,0,5).

This example shows that the same polynomial could have different leading
monomials if we consider different monomial orderings.

3Theorem in Section




3 Reminder on Ideals and Hilbert Basis Theo-
rem

In the following, we will give a reminder on ideals and the Hilbert Basis
theorem which will be useful for the next section on Groebner bases.

Lemma 3.1. If fi,..., fs € k[xy, ..., x,], then

(oo fs) =D hifi i by by € Kl 2]}
=1

is an ideal of k|xy,...,x,]. We will call (f1,..., fs) the ideal generated by
fla -"7fs-

Proof. Since 0 =7 0- f;, we have that 0 € (fy,..., fs). Suppose now that
F=>0_1pifi,g=>i_,qf and let h € k[xy,...,z,]. Then we get

S

f+9= Z(pz + i) fi € (fi, s f5),

i=1
hf=> (o) fi € (fi, s f)
i=1
and therefore we can conclude that (fi, ..., f5) is an ideal. O

Next, we will show that all ideals I C k[zy, ...z, are of this form.

Definition 3.2. A ring A is called a Noetherian ring if every ideal I of
A s finitely generated.

Remark 2. Recall that since k is a field, it only has two ideals: {0} and itself.
Since the identity 1, generates k, all the ideals of k are finitely generated and
so we can conclude that it is a Noetherian ring.

Proposition 3.3. If A is a Noetherian ring, then:

1) Given any ascending chain of ideals I C I, C ... C A, there isng € N
such that for allmn > ng : I, = I,,.

2) The polynomial ring Alzx] is Noetherian.
3) For any n € Ny, the polynomial ring Alxy, ..., x,] is Noetherian.

Proof. 1) Note that under this assumptions I := (7 is an ideal, hence it
is finitely generated. If a4, ..., a,, are generators, they are all contained
in some [, and therefore I, = I,,,1 = ... = I.
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2) Let J C A[z] be any ideal. We want to show that J is finitely generated.
Consider the ideals I; C A of leading coefficients of polynomials f € J
of degree d. This means that a € I; if and only if there is a polynomial
f=ax?+ ag_12' 4+ ...+ a9 € J. The ideals I; form an ascending
chain Iy C I; C ... which must be eventually stationary by 1), say
I, = I,,+1 = ... as A is Noetherian. Let I; = (aqy, ..., Gam,) for each
d < ng and for each pair (d,4) choose some fq; = aq;x% + aq_12%7 1 +
...+ap € J. Then the f;; together generate J. Indeed, let f € J, where
f = cqz? + cq_127 ' + ... + cy. Then by definition of I;, we have that
cq € Iy and since Iy = (agq1, ..., Aam,), We can write cq = Y% biag;,
bi € Aforallie{1,..,my}. It follows that f — > " baq,; has degree
< d. This reasoning can be repeated for degree d — 1 until degree
0, hence we get finally that f is generated by f;; with d < ny and
i€1,..,myg. We can conclude that J is finitely generated and so A[x]
is Noetherian.

3) This is a direct consequence of 2) by using induction on n.
0

As we have seen that a field k is Noetherian, we can apply the proposition
above on k£ and so we get the following theorem:

Theorem 3.4 (Hilbert Basis Theorem). FEvery ideal I C k[z1, ..., z,| has
a finite generating set. This means that I = (f1, ..., fs) for some fi, ..., fs € I.



4 Groebner Basis and Normal Form

In this section, we want to give an answer to the following question: If
fi, . fs € k[xq, ..., 2], is there an algorithm to decide whether a given

f € k[xy,...,x,] lies in (fi,..., fs)? This problem is often called the ideal
membership problem as we have seen in Section [3| that (fi, ..., fs) is an
ideal.

For polynomials of one variable, i.e. when n = 1 , we can use the division
algorithm in k[z]| to solve the ideal membership problem. It is enough to
consider the case s = 1 when we work with polynomials in one variable since
if k is a field, then every ideal of k[x] can be written in the form (f;) for some
f1 € k[z] [ Given f € k[z], to check whether f € (f), we divide f by fi:

f:fl'q+rv

where ¢, € k[z] such that » = 0 or deg(r) < deg(f1) are unique. Then we
have f € (f1) if and only if » = 0. Indeed, if r = 0, then f = f; - q € (f1)
by definition. Suppose now that f = f;-q¢+r € (f1) with r # 0. As
f=fi-q€ (f1), we have that r € (f;). But as r # 0, we can conclude by
the division algorithm that deg(r) < deg(fi). As this is a contradiction to
r € (f1), we can conclude that f € (f1) if and only if » = 0. Thus, we have
an algorithmic test for the ideal membership problem in the case n = 1.

From this observation, we might guess that in the general case we need a
division algorithm in k[z1, ..., 2, to solve the ideal membership problem.

4.1 Division Algorithm in k[zq, ..., x,]

We want do define a division algorithm for polynomials in k[x1, ..., x,,] that ex-
tends the algorithm for k[z]. In other words we want to divide f € k[z1, ..., 2,
by fi,..., fs € klx1, ..., x,] and express f in the form

f:alfl +'-'+asfs+ra

where ay, ..., as,7 € k[z1, ..., x,]. The element r is called the remainder of this
division. We need to be careful how to define this element as it will play a
key role in the ideal membership problem. To define this division algorithm,
we need the monomial orderings introduced before.

The basic idea of the algorithm is the same as in the one-variable case: after
having fixed a monomial ordering >, we want to cancel the leading term of f
by multiplying some f; by an appropriate monomial and subtracting. Then
this monomial becomes a term in the corresponding a;. Let us consider first
an example before stating the division algorithm in general.

*Corollary 4 of Chapter 1, §5 in [6].



Example 3. Consider as monomial ordering the lexicographic ordering with
r>y>1 Let f=22%—zy*>+9y? fi=azy+1and fo =y*>+1. We
have that LT(f,) = xy divides LT(f) = 2z*y but LT(f,) = y* does not.
Therefore we start by dividing 22%y by zy:

ar: 2z
a9 :
ry +1
V1 )2x2y—wy2+y2
222y + 2
—xy® — 2z +y?

As LT(—2%y — 2z + y*) = —zy? is also divisible by LT(f;), we continue by
dividing by xy:

a: 2x—y
Q9 .
xy+1
1 >2x2y—wy2+y2
2%y + 2x
—ay? — 2z +y?
—ay’ —y

—2r 4y’ +y

We can see that LT(f1) = zy and LT(f,) = 3 do not divide

LT(—2z +y*+y) = —2z. But we can say that the polynomial —2x + y? +y
is not the remainder since LT(f) divides y*. So if we move —2z to the
remainder, we get

ar: 2x—vy
as: r
zy+1
V41 )2x2y—xy2+y2
222y + 2z
— ay? — 2z + 92
—ay’ —y
—2x+y*+y

vty — —2x
Now we can continue dividing. If we can divide by LT(f;) or LT(fy), we



proceed as usual, and if neither divides, we move the leading term of the
intermediate dividend to the remainder column.

a: 2x—y
ag: 1 r
zy +1
V1 >2x2y—xy2+y2
2%y + 2z
—xy? — 2z + 12
—ay? -y
—2z 4y’ +y
vty — —2z
v+ 1
y—1
-1 = 2rx+y

0 - 2z+y—1

Finally, we get
20% —xy? +y? = Qr—y)ley+1)+1- P+ 1)+ (20 +y—1).

This example reveals the properties we want the remainder r to have: none
of its terms should be divisible by the leading terms of the polynomials by
which we are dividing. Let us now consider the general division algorithm.

Theorem 4.1 (Division algorithm in k[z1, ..., z,|). Fiz a global monomial
ordering > on 7%, and let F' = (f1, ..., fs) be an ordered s-tuple of polynomials
in klxy,...,x,). Then every f € klzy,...,x,] can be wrilten as

f:alfl +---+asfs+r7

where a;,r € klzy,...,x,| and either v = 0 or r is a linear combination,
with coefficients in k, of monomials, none of which is divisible by any of
LT(f1),..., LT(fs). The element r will be called a remainder of f on divi-
sion by F. Furthermore, if a;f; # 0, then we have

LM(f) > LM (a;f;).

10



Proof. First, we will give a construction algorithm to prove the existence of
ai,...,as and r and then we will show that this algorithm operates correctly
on any given input.

Algorithm 1 Division algorithm in k[xq, ..., ;]
Require: f, f1,..., fs

Ensure: aq,...,a,,7
a;:=0,...,as:=0,7=0
p=17
while p # 0 do
1:=1
divisionoccured := false
while ¢ < s and divisionoccured—false do
if LT(f;) divides LT (p) then
a; := a; + LT (p) /LT (f;)
p:=p— (LT(p)/LT(f:)) /i
divisionoccured:=true
else
1=i+1
end if
end while
if divisionoccured—false then
r:=r+ LT(p)
p:=p— LT(p)
end if
end while

To make it more clear, let us relate this algorithm to the example given
above: the variable p is the intermediate dividend at each stage, the variable
r represents the column on the right-hand side and the variables a4, ..., as are
the quotients listed above the radical. The boolean variable divisionoccured
indicates when some LT(f;) divides the leading term of the intermediate
dividend.

To prove that this algorithm works, we will first show by induction that

f=afit..+afstp+r (4.1)

holds at every stage. It is obvious that this is true for the initial values of
ai,...as,p,r. Now suppose that (4.1) holds at one step of the algorithm. If
in the next step LT(f;) divides LT (p), then

aifi+p= (Gi + %)ﬁ + (p - %ﬂ)

11



reveals that a; f; +p does not change. Since all other variables are unaffected,
(4.1) remains true in this case. On the other side if in the next step no LT'(f;)
divides LT(p), then p and r will be changed. However, the sum p + r will
remain the same since

p+r=(p—LT(p))+ (r+ LT(p))

and so (4.1) is unchanged. The next thing we have to realize is that the
algorithm stops when p = 0. In this case, (4.1)) becomes

f=a1fi+.. +asfs+r.

During the algorithm, terms are added to r only when they are not divisible
by any LT(f;) and so r has the desired properties when the algorithm termi-
nates. Finally, it remains to show that the algorithm comes to an end. Each
time we redefine the variable p, either its multidegree drops or it becomes 0.
Indeed, first suppose that some LT(f;) divides LT (p). Then p is redefined
in the following way:

Since we clearly have

LT(p) LT(p)
LT( fi> - LT(f;) = LT(p),
ot = ooy FTU) = T
p and LLTT((;)) fi have the same leading term. Therefore p’ must have strictly

smaller multidegree when p’ # 0. Suppose now that no LT(f;) divides LT (p)
and then p is redefined to be

p'=p—LT(p).

As above p’ must have in this case strictly smaller multidegree when p’ # 0.
Thus, in either case, the multidegree must decrease. If the algorithm never
terminated, then we would get an infinite decreasing sequence of multide-
grees. But as we assumed that our monomial ordering is global, and there-
fore well-ordered, this situation cannot occur. Hence p = 0 must happen at
some time so that the algorithm comes to an end after finitely many steps.
Now it remains to prove that LM(f) > LM (a;f;). Each term in a; is of
the form f:f((z)) for some value of the variable p. The algorithm starts with
p = f and as we just proved that the multidegree of p decreases, we have
LM (p) < LM(f). Finally,

LT(p)
LT(f:)

LM(aif)) = LM (22 f;) = LM (p) < LM(f).

12



Remark 3. In the division algorithm, we supposed the chosen monomial
ordering on k[z1, ..., z,]| to be global. We will see that this is necessary by
studying the following example: Consider on k[z] a local ordering with 1 > x.
We want to divide = by 1+ z. We get

r=z(l+z)— 2
=x(1+2)—2*(1+2)+2°
=rx(l+z)—2*(1+2)+2°(1+2z)— ...

sz=1+2)(z—2>+2°—2*+..)+0.

This shows that for non-global monomial orderings, the division algorithm
might not stop. For local orderings on k[zy, ..., x,], there is an alternative
division algorithm: the Mora division algorithm. More details on this
can be found in A Singular Introduction to Commutative Algebra |14, p. 57|
and Introduction of the Mora division algorithm in the ring of differential
operators D [20).

Example 4. Consider as monomial ordering the lexicographic ordering on
k[z,y] with z >y > 1. Let us take fy =2y +1, fo =2*—1and f = 2%y —y.
Let us divide f by F' = (f1, f2):

The leading terms LT(f,) = zy and LT(f;) = z* both divide the leading
term LT(f) = xy. Since f; is listed first, we will use it first and so we divide
2%y by xy:

aq . T
a9 .
ry +1 > 2, —
CL’Q -1 -y Yy
m2y +x
Since LT(f1) and LT(f2) do not divide LT (—x —y) = —x nor the other term
of —x — y, namely —y, the remainder is » = —x — y. Therefore we can write

f in the form:
?y—y=z-(zy+1)+0- (2> = 1) + (—z — y).

By considering F' = (fs, f1), however, f, is listed first, so we start by dividing
2%y by 2

13



a: Yy

as .
M e
ry +1 y—y
?y —y
0

As we have now p = 0 in the division algorithm, it stops and the remainder
is 7 = 0. Therefore we can write f in the form:

?y—y=y-(2*=1)+0- (zy+1) +0.

The second calculation shows that f € (fi, f2). Then the first calculation
reveals that even if f € (f1, f2), it is still possible to get a non-zero remainder
on division by F' = (fi, f2). In other words r = 0 is a sufficient condition for
ideal membership, but as this example shows, it is not a necessary condition
for being in the ideal. We must conclude that we cannot use the division
algorithm in k[zq,...,x,] in exactly the same way as the division algorithm
in k[x] as the remainder r is not uniquely defined.

To solve this problem, it might be useful to change the generating set of
I ={(f1,...., fs). We have to ask ourselves what conditions the new generating
set of I should satisfy. We would like the remainder r on division by the
new generators be uniquely determined, so that for each f € I its LT(f) is
divisible by some of LT(f;),i =1, ..., s. We will realize in the next subsection
that in that situation the condition » = 0 is equivalent to membership in the
ideal.

4.2 Groebner Basis

Definition 4.2. An ideal I C k[zy,...,x,] is o monomial ideal if there is
a subset A C Z%, (possibly infinite) such that I consists of all polynomials
which are finite sums of the form Y aea hax®, where hy € klxy, ..., 2,]. In
this case we write I = (x* : v € A).

Lemma 4.3. Let [ = (x“: o € A) be a monomial ideal. Then a monomial
x? € I if and only if ©° is divisible by £ for some o € A.

Proof. If ® € I, then = Y7 | hix®® where h; € k[zy,...,z,] and
a(i) € A. If we expand each h; as a linear combination of monomials, we
see that every term on the right side of the equation is divisible by some
) Therefore, the left side x” must have the same property. Conversely,

14



if % is a multiple of & for some o € A, then ? € I by the definition of an
ideal. O]

Definition 4.4. Fiz a monomial ordering on klzi,...,x,] and let I be an
ideal in k[xq, ..., x,].

1) We denote by LT(I) the set of leading terms of elements of I. Thus

LT(I) = {cx":there exists f € I with LT(f) = cx®}.

2) We denote by (LT(I)) the ideal generated by the elements of LT (I).

Example 5. Let I = (fy, fo), where f; = xy + 1 and f, = 2%y — y and
consider the lexicographic ordering on k[z,y| with x >y > 1. Then

r(zy+1)—1- 2Py —y) =z +y,

so that x +y € I. Therefore v = LT (z +y) € (LT(I)). However x is not
divisible by LT(f1) = xy or LT(fs) = z*y, so that = & (LT(f1), LT(f2)) by
Lemma

This example shows, that if I = (fi,..., fs), then (LT(f1),..., LT(f,)) and
(LT(I)) may be different ideals. It is true that LT(f;) € LT(I) C (LT(1))
by definition so that (LT(fi),...,LT(fs)) € LT(I). However, (LT(I)) can
be strictly larger. If these two ideals coincides, then the set {f1, ..., fs} has a
special name:

Definition 4.5. Fiz a monomial ordering on klzi,...,x,]. A finite subset
F=A{f1,....fs} of an ideal I is said to be a Groebner basts (or standard
basis) if

Proposition 4.6. Let [ C k[, ...,x,] be an ideal.
1) (LT(I)) is a monomial ideal.
2) There are fi, ..., fs € I such that (LT (1)) = (LT(f1), ..., LT(fs))-

Proof. 1) The leading monomials LM (f) of elements f € I\{0} generate
the monomial ideal (LM(f) : f € I\{0}). Since LM(f) and LT(f)
differ by a non-zero constant, this ideal equals (LT(f) : f € I\{0}) =
(LT(I)). Therefore we can conclude that (LT(I)) is a monomial ideal.
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2) By Hilbert’s basis theorem the ideal (LT'(I)) is generated by a finite
number of polynomials g1, ..., g, € k[z1,...,2,]. On the other hand,
by definition (LT'(I)) = (LT(f) : f € I\{0}). We can conclude that
(g1, ..y 9r) = (LT(f) : f € I\{0}) and so we must have for each i :

€ (LT(f) : f € I\{0}). Therefore g; = > 7" c;;LT(f;), where
m; € Ln>o, Cij € klx1,...,x,] and f;; € I\{0}, so that each g; is a linear
combination of elements LT'(f;;) : fi; € I\{0}. Finally, (LT(I)) =
(g1, ..., gr) is finitely generated by elements LT(f;;) : fi; € I\{0}, i.e

there are f1, ..., fs € I such that (LT(I)) = (LT(f1),..., LT(f)).
[

Corollary 4.7. Fiz a global monomial ordering on k[xq,...,x,]. Then ev-
ery non-zero ideal I C k[xy,...,x,] has a Groebner basis. Furthermore, any
Groebner basis for an ideal I is a basis of I.

Proof. The first claim is equivalent to the second claim of Proposition
For the second claim, we will first prove that if (LT'(1)) = (LT (f1), ..., LT(fs)),
then I = (fi,..., fs). It is clear that (fi, ..., fs) C I since each f; € I. Con-
versely, let f € I be any polynomial and let us apply the division algorithm
to divide f by (f1,..., fs). Then we get

f:alfl +---+asfs+r7

where no term of r is divisible by any of LT(f1),..., LT(fs). We can rewrite
this as

r:f—alfl—...—asfs

so that we must have that r € I. Let us suppose that r # 0, then LT (r) €
(LT(I)) = (LT(f1),.... LT(f5)). It follows by Lemmald.3|that LT'(r) must be
divisible by some LT'(f;). This contradicts the definition of r in the division
algorithm and therefore we have r = 0 and thus I C (f1,..., fs)- O]

4.3 Properties of Groebner Bases

As shown in the subsection before, every non-zero ideal I C k[zy, ...z, has
a Groebner basis with respect to a given global monomial ordering. Now we
will study the properties of Groebner bases and then we we will see how we
can check if a given basis is a Groebner basis.

Proposition 4.8. Fiz a global monomial ordering on klxy,...,x,]. Let F =
{f1, -, [s} be a Groebner basis for an ideal I C klzy,...,x,| and let [ €
klxy,...,z,). Then there is a unique r € k[xy, ..., x,] with the following prop-
erties:

16



1) No term of r is divisible by any of LT(f1), ..., LT (fs).
2) There is g € I such that f =g +r.

3) ris the remainder of the division of f by F' no matter how the elements
of F' are ordered when using the division algorithm.

Proof. The division algorithm provides f = ayf; + ... + asfs + r, where r
satisfies 1). By setting g = a1f1 + ... + asfs, we get 2). This proves the
existence of r.

To prove uniqueness of r, suppose that f = g +r = ¢ + r/ satisfy 1) and
2). Then we get ' —r = g — ¢ € I, so that if r # ¢/, then LT(r' —r) €
(LT(I)) = (LT(f1),...., LT(fs)) as {f1, ..., fs} is a Groebner basis. By Lemma
LT(r" — r) has to be divisible by some LT'(f;). This is a contradiction
to property 1) of r and r’. Therefore we get " —r = 0 and so uniqueness is
proved.

We get the final claim 3) of the proposition by the uniqueness of r. O

Definition 4.9. The remainder r defined in the previous proposition is called
the normal form of f.

This proposition shows that a Groebner basis of an ideal I C k[z,...,x,] is a
“good” generating set of I we were looking for. It shows that the undesirable
behaviour of the division algorithm in k[zy, ..., z,] seen in Subsection [1.1]does
not occur when we divide by the elements of a Groebner basis. Let us also
remark that even though the normal form r is unique, the a; produced by
the division algorithm f = a;f; + ... + asfs + r still can change if we change
the order of the elements in the Groebner basis F'.

Corollary 4.10. Let F = {fi,..., fs} be a Groebner basis for an ideal I C
klxi,...,z,) and let f € k[zy,...,x,]. Then f € I if and only if the normal
form r on division of f by F is zero.

Proof. If r = 0 then by 2) of the previous proposition there is g € I such
that f =g+ 0. Thus f € I.

Conversely, suppose f € I. Again by 2) there is g € I such that f = g + r.
This can be rewritten as » = f — ¢ € I and now we can use the same
reasoning as in the proof of Proposition[4.8] If  # 0 then LT(r) € (LT (1)) =
(LT(f1),.... LT(fs)) as {f1, ..., fs} is a Groebner basis. By Lemmal[t.3| LT(r)
has to be divisible by some LT(f;). This is a contradiction to property 1) of
r. Therefore we get r = 0. [

Finally, Corollary gives us an algorithm for solving the ideal membership
problem if we know a Groebner basis F' for the ideal I in question. It suffices
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to compute the normal form of f with respect to F' to determine whether
fel

Definition 4.11. Fiz a global monomial ordering on klxy,...,x,]. Let F =
(f1, ., [s) be an ordered s-tuple. The remainder of the division of f by F will

be denoted by 7F

The next step is to determine whether a given generating set { f1, ..., fs} of an
ideal I is a Groebner basis. The obstruction to {f1, ..., fs} being a Groebner
basis is the possible appearance of polynomial combinations of the f; whose
leading terms are not in the ideal (LT(f1),..., LT(fs)). One way this can
happen is if the leading term in a suitable combination

ax® f; — ba” fi
cancel, leaving only smaller terms and then we may have

LT(aa" f; — b f;) & (LT(), . LT(f,)).
On the other side
az®f; —bx’ f; € [ = LT (ax”f; — bx" f;) € (LT(I)).

This is exactly what happened in Example 5] We introduce the following
special combination to study this cancellation problem.

Definition 4.12. Let f,g € k[z1,...,x,] be non-zero polynomials.

1. If multideg(f) = a = (aq, ..., ) and multideg(g) = S = (51, ..., Bn),
then let v = (71, ..-,7n), where v; = max(wy, 5;) for each 1. We call

) the least common multiple of LM(f) and LM/ (g), denoted by
x7 = LOM(LM(f), LM(g)).

2. The S-polynomzal of f and g is the combination

x7 x7

() T I

Remark 4. The S in S-polynomial stands for syzygies. Consider F =
(f1, ., [s), then a syzygy on the leading terms LT'(f1),..., LT(fs) of F is an
s-tuple of polynomials S = (hy, ..., hs) € (k[z1, ..., x,])° such that
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Example 6. Consider k[x, y] with the lexicographic ordering = > y > 1. Let
f=2zy—1vy®and g = y?> — 1. Then we have v = (1,2) and

2 2
S(f,g>:%-(wy—y%—%(y?—n=y<xy—y3>—x<y2—1>=x—y4.

An S-polynomial is constructed in such a way that it produces cancellation
of leading terms. In fact, the following lemma shows that every cancellation
of leading terms among polynomials of the same multidegree results from
this sort of cancellation.

Lemma 4.13. Suppose we have a sumy_;_, ¢; fi, where ¢; € k and multideg(f;) =
6 € Z% for alli. If multideg(d ">, ¢;f;) <0, then Y ., ¢if; is a linear combi-
nation, with coefficients in k, of the S-polynomials S(fj, fr) for 1 < gk <s.
Furthermore, each S(f;, fi) has multidegree < 0.

Proof. See [0, p. 84| ]

Using Lemma [4.13| and S-polynomials, we will give now a criterion to check
whether a given basis of an ideal is a Groebner basis.

Theorem 4.14 (Buchberger’s Criterion). Let I be a polynomial ideal.
Then a basis F' = {f1,..., fs} of I is a Groebner basis of I if and only if for
all pairs i > j, the remainder of division of S(fi, f;) by F is zero.

Proof. =: If F is a Groebner basis, then since S(f;, f;) € I by definition,
the remainder of division by F' is zero by Corollary

«<: Let f € I be a non-zero polynomial. We have to show that if the
S-polynomials all have zero remainders of division by F, then LT(f) €
(LT(f1),....,LT(fs)). The idea of the proof is the following: given f €
(f1, ..., fs), there are polynomials h; € k[xy, ..., z,] such that

f=>_hif:. (4.2)
=1

It follows that
multideg(f) < max(multideg(h; f;))

since if f,g € k[xq,...,x,] with f 4+ g # 0, then we get multideg(f + g) <
max(multideg( f), multideg(g)). If equality does not occur, then some can-
cellation must appear among the leading terms of summands from (4.2)).
Lemma will allow us to rewrite this in terms of S-polynomials. Then
our assumption that S-polynomials have zero remainders will allow us to
replace the S-polynomials by expressions that involve less cancellation of
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leading terms. Continuing in this way, we will eventually find an expression

(4.2) for f with

multideg(f) = max(multideg(h; f;)).

Therefore, we have multideg(f) = multideg(h; f;) for some i and it will follow
that LT(f) is divisible by LT(f;). Thus we get LT(f) € (LT(f1), ..., LT(fs))
and so F'is a Groebner basis for .

For details of the proof, see [0, p. 85]. ]

Example 7.

1)

Consider as monomial ordering the lexicographic ordering on k|x,y]
with 2 > y > 1. Let us consider f; = zy — 93, fo = y* — 1 and let
us check whether F' = {f1, fo} is a Groebner basis. We have seen in
Example [] that

S(fi. fo) =x —y*.

AS LT<S(f17 f2)) = z is not divisible by LT(fl) =y or LT(fQ) — yQ,

we have that S(fi, fo) # 0. Therefore we can conclude that F' is not
a Groebner basis.

Consider now as monomial ordering the graded lexicographic ordering
on klx,y] with z > y > 1 and let us consider the same set F' as in 1).
In this situation, we have

3 3
S(fi fo) = = (ay — ') — Ly* - 1)
—y y
=y’ —ay—y’+y
=—2y+y
=—fi—yfo.

We have S(f1, f2)F = 0 for any order on F' and thus we can conclude
that F' is a Groebner basis.

This example shows that a finite set F of polynomials on k[z1, ..., z,,| may be
a Groebner basis for one monomial ordering, but not for another monomial
ordering.
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4.4 Construction of a Groebner Basis

Now that we know how to check whether a given basis of an ideal I C
klxy,...,x,] is a Groebner basis for a fixed monomial ordering on k[z1, ..., z,],
we would like to be able to construct a Groebner basis from this given ideal.
The following theorem will give us the tool to do this.

Theorem 4.15 (Buchberger’s Algorithm). Let I = (f1,..., fs) be a non-
zero ideal. Then a Groebner basis for I can be constructed in a finite number
of steps by the following algorithm.:

Algorithm 2 Buchberger’s algorithm

Require: F' = (f1,..., fs)
Ensure: a Groebner basis G = (g1, ..., g;) for I, with FF C G
G:=F
G =0
while G # G’ do
G'=G
for each pair (p,q), p# ¢ in G’ do
S = 50.q)°
if S # 0 then
G:=GU{S}
end if
end for
end while

Proof. Let us start by proving that G C I holds at each stage of the al-
gorithm. We start with G = F C I, thus it is true initially. Whenever

we enlarge GG, we do so by adding to G the remainder S = S(p, q)G , where
p,g € G. Therefore, if G C I, then p, g and S(p, q) € I. Since we are dividing
by G’ C 1, it follows that GU {S} C I.

The next step is to prove if the output of the algorithm is indeed a Groebner
basis of I. The set GG contains at every stage of the algorithm the given basis
F of I and S € I, so that G is also a basis of I. In /addition, the algorithm

stops when G = G’, which means that S = S(p, q)G = 0 for each p,q € G.
Thus by Theorem [£.14] G is a Groebner basis of 1.

Finally, it remains to show that the algorithm stops after a finite number of
steps. We have to consider what happens after each pass through the while
loop. The set G = {gy,...g:} consists of G' = {g, ..., 9s}, with s < ¢ (the old
G), together with the non-zero remainders of S-polynomials of elements of
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G'. Since G’ C G, we have
(LT(G")) = (LT(q1), ..., LT (1)) C (LT(g1), ... LT (g5)) = (LT(G)). (4.3)

If G’ # G, then we have added a non-zero remainder S of an S-polynomial to
G. Since S is a remainder of the division by G’, LT'(S) is not divisible by the
leading terms of elements of G' and therefore LT(S) ¢ (LT(G")). However,
LT(S) € (LT(Q)), so that (LT(G")) is strictly smaller than (LT(G)) if
G' # G. By (4.3), the ideals (LT(G")) from successive iterations of the
loop form an ascending chain of ideals in k[zq,...,z,]. By Proposition
k[xy, .., z,] is Noetherian and the ascending chain of ideals will stabilize, so
that (LT(G")) = (LT(G)) after a finite number of steps. It follows that
G’ = G as otherwise (LT(G")) is strictly smaller than (LT(G)). Thus, the
algorithm must stop after a finite number of steps. O

In general, the Buchberger’s algorithm consists in extending a basis F' to a

- F
Groebner basis by successively adding non-zero remainders S(f,, f,) where
I<p<g<s

Example 8. Consider as monomial ordering the lexicographic ordering on
klz,y] with > y > 1. Let us consider fi = zy — 3>, fo = ¢*> — 1. In
Example [7] of Subsection [4.3] we could conclude that F' is not a Groebner

basis as S(f1, f2) = x —y* # 0 and so we must add f3 = z — y* to our set
F. Therefore let now F' = {fi, fo, f3}. Then we have

I
—_

2y —y*) —ylz —y") =v° — y* = ¥’ fo, s0 that
0,
(?JQ —1) - 92@ - 94) =—T+ y4 = —f3, so that
0.

=z
F J—
Finally, we can conclude that F = {zy — y3,y?> — 1,2 — y*} is a Groebner

basis for the ideal I = (zy — v,y — 1).

Remark 5. The Groebner bases constructed by using Buchberger’s algo-
rithm are often bigger than necessary. For instance consider Example |8 We
have that

F={y-lLo—yYc{oy—v’v’—lLa—y'}=F

22



and
fizoy =y’ =y’ - +ya—y")=v* foty fo
so that
(' = Lo —y") = (zy -y, y" = 1).
In addition, we have
Fl
S<f27f3) = x(yQ - ]') - y2($ - y4) = +y4 = _f3 = S(f27f3) = 07
therefore we can conclude that F' = {y?> — 1,2 — y*} is another, smaller

Groebner basis of I = (zy — y?, 4> — 1). This situation occurred as the
leading term LT'(f;) = zy is an unneeded generator for LT(1).

4.5 Applications of Groebner Bases

Ideals are algebraic objects and therefore we can define natural algebraic
operations on them. Groebner bases have often an important role in the
computation of these operations. In this section, we will see how to compute
for example intersections of ideals or ideal quotients, but also other interesting
applications for Groebner bases. More applications of Groebner bases can
be found in An Introduction to Grobner Bases [1|, Grobner Bases: A Short
Introduction for Systems Theorists [5], An Introduction to Grobner Bases,
Pure and Applied Mathematics 13| and Grébner Bases, Ideal Computation
and Computational Invariant Theory [27].

4.5.1 Ideal Membership Problem

As already remarked before, Corollary gives us an algorithm for solving
the ideal membership problem if we know a Groebner basis F' for the ideal
I in question. It suffices to compute the normal form of f by F to check

whether f € I. If TF = (, then we can conclude that f is in /.

Example 9. Consider as monomial ordering the lexicographic ordering on
klz,y] with 2 > y > 1 and let us take I = (zy — 3, y?> — 1). We want to
check if f =z —y? € I. As we have seen in Example [8) and Remark
F = {y* — 1,z — y*} is a Groebner basis of I. The polynomial division of f
by F' provides us

f=2—y"=y@* -1 +1 (z—y")+0.

Thus, we can conclude that f € I.
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4.5.2 Elimination

Another fundamental problem that can be solved using Groebner bases is
elimination: let I be an ideal in k[zy,...,x,] and S C {z1, ..., z,}. We would
like to find the ideal J = I N k[S]. In other words, we want to eliminate the
variables x; € S€ = {xy,...,2,}\S in the ideal I.

Definition 4.16. Let I be an ideal in k[z1, ..., x,] and S C {x1,...,x,}. Then
the ideal INk[S] in k[S] is called an elimination ideal. If S = {x;1,...,2,}
for some | € {0,...,n}, then the ideal I N Ek[S] in k[S] is called the l-th
elimination ideal I;.

Elimination ideals are very useful for many applications of Groebner bases
such as the intersection of ideals, the quotient of ideals or the computation
of a least common multiple of two non-zero polynomials. The advantage is
that the computation of an elimination ideal is quite easy as the elimination
theorem shows. For this theorem we need a global monomial ordering with
a special property.

Definition 4.17. Let S C {x1,...,x,}. A monomial ordering > on klxy, ..., T,
is called an elimination ordering with respect to S if the following is true
for all f € k[xq,...,x,):

LT(f) € k[S] = f € k[9).

Theorem 4.18 (Elimination Theorem). Let I be an ideal in k[xy, ..., x,]
and S C {z1,...,x,}. Let G be a Groebner basis of I with respect to a global
elimination ordering with respect to S¢. Then the set

G =G Nk[S)

is a Groebner basis of the elimination ideal INk[S] with respect to the ordering
induced on k[S].

Proof. Tt is enough to show that
(LT(I NK[S])) = (LT(G))

by the definition of a Groebner basis. It is clear that (LT(G")) C (LT(I N
k[S])) by construction. To show the other inclusion (LT (INk[S])) C (LT(G)),
it suffices to show that for an arbitrary f € I N k[S] the leading term LT'(f)
is divisible by LT (g) for some g € G'. Since f € I Nk[S] C I, we get that
LT(f) is divisible by LT (g) for some g € G since G is a Groebner basis of
I. Since f € I NEk[S], LT(g) contains only the variables x; € S. Since the
monomial ordering we are considering is an elimination ordering, we have
that LT (g) € k[S] implies g € k[S]. Therefore we have g € GNk[S] = G’
and so the theorem is proved. ]
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Remark 6. An example of a global monomial ordering that can be used for
the elimination theorem is the global block ordering (also known as global
product ordering) which is defined in the following way:

Consider S C {x1,...,x,} and let T = S°. Let >g on k[S] and > on k[T
be global monomial orderings. The global block ordering >= (>g, >7) on
k[xy, ..., xy,] is defined by

7087 > TPS° = T >, T or (T =T" and S7 >4 S°).

In particular, the lexicographic ordering >, on k[zy,...,x,] with x; >,
e Slex Tp >1ex 1 s a global block ordering for each S = {xy1,...,x,} with
1 €{0,...,n}, T =5° >g and >r being lexicographic orderings on k[S] and
on k[T] respectively with x; >g x; >¢ 1 and x; >r x; > 1 for i < j .
Indeed, we have

T%SY >p0p TPS°
— 2% >, ’ with a the vector (cr,7y) and b the vector (5, 0)
<= the leftmost nonzero entry of the vector a — b is positive
<= the leftmost nonzero entry of the vector (o — 3,y — §) is positive
<= the leftmost nonzero entry of the vector a — 3 is positive
(or « = 3 and the leftmost nonzero entry of the vector v — ¢§ is positive)
=T > TP or (T* =T and S7 >g S°)

Let I be an ideal of k[zy,...,z,] and choose S = {z/41,...,x,} with | €
{0,...,n}. Applying the elimination theorem on I and S with the lexico-
graphic ordering on k[xy, ..., z,| with x; > ... > x, > 1, we get a Groebner
basis of the [-th elimination ideal [, = I Nk[x;y1, ..., x,]. In the following, we
will usually apply the elimination theorem with the lexicographic ordering.

Example 10. Consider the ideal
I=(?+yz— 1,  +az— 1,22 +ay — 1) € k[z,y, 2].

Using SINGULAR [14], we get a Groebner basis for I with respect to the
lexicographic ordering on k[z,y,z] where x > y > z > 1. This Groebner
basis is given by the following polynomials

g=z+22—y—z,
ggzyz3—yz—z4—|—22,
ggzyz—yz—224—|—322—1,
g1 =225 =323+ 2.
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Therefore, we have that
I = I Nkly, 2] = (92, g3, 94)
is the first elimination ideal of I and
L =1Nkz] = {g4)

is the second elimination ideal of 1.

> ring r=0,(x,y,2),1p;

> ideal I=x2+yz-1,y2+xz-1,z22+xy-1;
> std(I);

_[1]1=x+2y2z-y-z

_[21=yz3-yz-z4+z2
_[3]=y2-yz-224+3z2-1
_[41=225-323+z

Example 11. Elimination can also be used to determine the Chern char-
acter of a complex vector bundle F as a polynomial in the Chern classes.
Indeed, let the ay,...,a, be the Chern roots. Then the Chern classes c;,
j € {1,...,n}, are defined as the j-th elementary symmetric polynomial in
ay, ..., a,. In other words

n
C1 = g Qs
=1
Co = E Aiy Ay,

1<i1<i2<n

C3 = E Ay Ay Qg ete.

1<iy <io<iz<n
Finally, the Chern character ch is defined as

ch = chy + chy + chy + ...,
where

1 n
chy, = — E a;.
n! 4
=1

However we would like to express the Chern character as a polynomial in the
Chern classes ¢y, ..., ¢,. For n =5, we get by using SINGULAR

L s

chs = m(c1 5clcy + bctes + beycy — beyey — Beacs + Bes).
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For more details on Chern classes see Algebraic Geometry [15] and Chern
Classes [28].

> ring r=0, (a(l..5),c(1..5),k(5)), lp;
> ideal I=c(1)-a(1)-a(2)-a(3)-a(4)-a(5),c(2)-a(1)*a(2)
-a(1)*a(3)-a(1)*a(4)-a(1)*a(b)-a(2)*a(3)-a(2)*a(4)-a(2)*a(b)
-~a(3)*a(4)-a(3)*a(5)-a(4)*a(5),c(3)-a(1)*a(2)*a(3)
~a(1)*a(2)*a(4)-a(1)*a(2)*a(5)-a(1)*a(3)*a(4)-a(1)*a(3)*a(5)
—a(1)*a(4)*a(b)-a(2)*a(3)*a(4)-a(2)*a(3)*a(5)-a(2)*a(4)*a(b)
—a(3)*a(4)*a(5),c(4)-a(1)*a(2)*a(3)*a(4)-a(1)*a(2)*a(3)*a(5)
—a(1)*a(2)*a(4)*a(5)-a(1)*a(3)*xa(4)*a(5)-a(2)*a(3)*a(4)*a(s),
c(5)-a(1)*a(2)*a(3)*a(4)*a(5) ,k(5)-(1/120)*(a(1)~5+a(2)"5
+a(3)~5+a(4)~5+a(5)"5);
> std(I);
_[11=c(1)~5-5%c (1) ~3%c(2)+5*c (1) ~2%c (3) +5xc (1) *c(2) "2

-5xc (1) *c(4)-5%c(2)*c(3)+5*c(5)-120%k(5)
_[2]1=a(5)~5-a(5)~4*c(1)+a(5)~3*c(2)-a(5)~2*c(3)+a(5)*c(4) -c(5)

_[3]=a(4)~4+a(4)~3*a(5)-a(4)~3xc(1)+a(4)~2*xa(5)"2
~a(4)~2xa(5)*xc(1)+a(4)~2*xc(2)+a(4)*a(b5)~3-a(4)*a(5)~2+c(1)
+a(4)*a(5)*c(2)-a(4)*c(3)+a(5)~4-a(5)~3*xc(1)+a(5)~2xc(2)
-a(5)*c(3)+c(4)

_[4]1=a(3)~3+a(3)~2*xa(4)+a(3)~2*a(5)-a(3)~2*xc(1)+a(3)*a(4)"~2
+a(3)*a(4)*a(5)-a(3)*a(4)*c(1)+a(3)*a(5)~2-a(3)*a(5)*c(1)
+a(3)*c(2)+a(4)~3+a(4)~2xa(5)-a(4)~2*c(1)+a(4)*a(5) "2
-a(4)*a(5)*c(1)+a(4)*c(2)+a(5)~3-a(5)~2*xc(1)+a(5)*c(2)-c(3)

_[6]1=a(2)~2+a(2)*a(3)+a(2)*a(4)+a(2)*a(5)-a(2)*c(1)+a(3)"2
+a(3)*a(4)+a(3)*a(5)-a(3)*xc(1)+a(4)~2+a(4)*a(5)-a(4)*c(1)
+a(5)~2-a(B)*c(1)+c(2)

_[6]=a(1)+a(2)+a(3)+a(4)+a(5)-c(1)

4.5.3 Intersection of Ideals

Knowing a set of generators of two polynomial ideals I and J, we would
like to be able to compute a set of generators of their intersection. For this
computation, we need the sum of ideals, Groebner bases and the elimination
theorem.

Definition 4.19. Let I and J be ideals of k[xy, ..., z,).
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1. The intersection of I and J is defined by

INJ={f:feland f € J}.

2. The sum of I and J is defined by

I+J={f+g:f€landge J}.

Proposition 4.20. If I and J are ideals of k[xy,...,x,], then I N J and
I + J are also ideals in k[xy,...,x,]. In particular, if I = (fi,..., fs) and

J =g,y gt), then I +J = (f1,.es fs, 15 s Gt)-

Proof. Let us first show that [ N J is an ideal of k[zy,...,z,]. As I and J
are ideals, 0 € I and 0 € J and therefore 0 € INJ. Let f,g € INJ and
h € k[z1,...,x,]. Since I and J are ideals, we have that f+g € I, f+g € J,
hf € I and hf € J. Thus, f+g € INJ and hf € I NJ and so we can
conclude that I N J is an ideal of k[z1, ..., x,].

Let us now show that 7 + J is an ideal of k[z1,...,x,]. As [ and J are ideals,
0 € I and 0 € J and therefore 0 = 0+0 € I +J. Let f,g € I + J and
h € k[xy,...,z,]). In this case, we can rewrite f = fi + fo and g = g1 + ¢,
where f1,91 € I and fs, g2 € J. Then we have

fra=h+f)+tn+g)=(Ff+a)+(fatg)el+]

as [ and J are ideals and so fi+g¢; € [ and fy+ ¢y € J. For the same reason,
we have that hf = hf, + hfy € I + J. Thus, we can conclude that I + J is
an ideal.

Finally, we want to prove that I +J = (fi,..., fs, 91, ..., 9¢) if T = (f1,..., fs)
and J = (g1,...,q). fh € I +.J, then h = f + g with f € I and g € J.
Since I = (f1,..., fs) and J = (g1, ..., g¢), we have that f = >7 ¢ f; and

g= 23:1 djg;, where ¢;,d; € klxy, ..., z,]. Thus,

S

t
h = f+g = chfz+zd]gj € <f17"'7f87g17"'7gt>-

i=1 j=1

Conversely, if h € (fi, ..., fs; 91, ..., gt), then h = >0, cl-f,-+2§-:1 dig; = f+g,
where f = Y7 ¢f; € I and g = 22:1 djg; € J. Therefore h € I + J.
We can conclude that I + J = (f1,..., fs, g1, .., 9;) if T = (f1,..., fs) and
J = g1, Gt)- ]
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Remark 7. Notice that if G; is a Groebner basis of an ideal I = (f1, ..., f5)
with respect to a global monomial ordering on k[zy,...,x,] and Gy is a
Groebner basis of an ideal J = (g1, ...,9;) with respect to the same mono-
mial ordering, then G; U (G5 is not necessary a Groebner basis of the ideal
I'+J = {fi,.. fs,01, -, gt). Indeed, consider the following example: let
I={y*—2,x—y)and J = (z+2,2%) and consider the lexicographic ordering
on k[z,y, z] with z >y > z > 1. We can easily check that G| = {y*—z,z—y}
and Gy = {x+ 2z, 2%} are Groebner bases of I and of J, respectively. Consider
now
GiUGy ={y* —z,2 —y,xv + 2 2°}.

If we compute the S-polynomial S(z + z,2 — y) = y + 2z, we realise that

LT(S(a+z,x—y)) = yis not divisible by neither LT (y*>—z) = 2, nor LT (x—
y) =, nor LT(I"‘_Z) = X, nor LT(ZQ) = 22 50 that S(l’ +2z,T— y)u1+G2 7& 0.

We can therefore conclude by Buchberger’s criterion that G; U G5 is not a
Groebner basis of I + J.

Lemma 4.21. Let p(t) € k[t]. If I = (fi(x), ..., fs(x)) C klzy,...x,], then
p(t) = (p(t) fi(x),...,p(t) fs(x)) is an ideal in k[xq,...2p, t].

Proof. Let us consider ¢; = p(t) fi(x) € k[z1, ..., x,,t] for 1 <i <s. Then by
Lemma[3.1] we can conclude that p(t)I = (¢, ..., ¢s) is an ideal in k[z1, ...z, t].
[

Proposition 4.22. Let I and J be ideals of k[xq,...,x,]. Let L =tI+(1—t)J
in klxy, ..., Ty, t] (thus, we add a new variable t). Then

INnJ=L0klxy,..,z,)]

Proof. 7 C7? Ifx e INJ, thenx =tr+ (1 —t)x with x € [ and z € J, so
that = € L. By definition x € k[zy, ..., x,], therefore x € L N k[xq, ..., ;).

"7 Ifx e LNE[xy,...,x,), then z € L and so x =t - i+ (1 —t)j for some
i€land je J. Asz € k[zy,...,x,], we can evaluate x = ¢ -7+ (1 —t)j in
t=0and t=1toget z =1=75. Thus we can conclude that x € I'NJ. @1

The proposition above shows that I N .J is an elimination ideal. This result,
Proposition and the Elimination theorem provides us with the following
algorithm to compute intersections of ideals:

Let I = (f1,..., fs) and J = (g1, ..., ¢;) be ideals in k[z1, ..., z,]. Consider now
the ideal

tI+(1—=t)J ={tfr,....tfs, (1 —=t)g1, ..., (L = t)gs) C klxy, ..., 2p, 1]
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and compute a Groebner basis of this ideal with respect to the lexicographic
ordering with ¢ > z; > ... > z, > 1. By the elimination theorem, the
elements of this basis which do not contain the variable ¢ will form a basis,
in particular a Groebner basis, of I N J.

Example 12. Consider the ideals I = (z — y?, 2?) and J = (xy) in k[z,y].
Then we get the ideal tI + (1 —t)J = (tx — ty?, tz* zy — txy). Using SIN-
GULAR, we get that {xy? 2%y — zy?, tvy — xy, t2? — tzy? t2y? — tx} is a
Groebner basis of t1+(1—t)J with respect to the lexicographic ordering with
t>x>y>1. As {ay?, 2%y — xy?, toy — xy, ta® — toy?, t2y? —tx} Nk[z, y] =
{xy?, 2%y — 2y®}, we get that

(x — 92, 2%) N (zy) = (xy®, 2%y — xy°).

> ring r=0,(t,x,y),1lp;

> ideal L=tx-ty2,tx2,xy-txy;
> std(L);

_[1]=xy2

_[21=x2y-xy3

_[3]=txy-xy

_[4]1=tx2-txy2

_[5]=t2y2-tx

Remark 8. The intersection of two principal polynomial ideals, i.e. ideals
that are generated by a single polynomial, can be computed in a different,
sometime faster way by using the notation of the least common multiple
h € klzy,...,x,] of f,g € klxy, ..., z,], where f and g are non-zero.

Definition 4.23. Consider a global monomial ordering on k[x, ..., x,]. The
polynomial h € k[, ...,x,] is the least common multiple of the non-zero
polynomials f and g of k[z1, ..., x| if

1) f and g divides h.
2) h divides any polynomial which both [ and g divide.
3) LC(h)=1.

It is denoted by h = lem(f, g).

Note that the least common multiple of two polynomials in k[xq, ..., x,] de-
pends on the global monomial ordering considered as condition 3) depends
on the global monomial ordering considered.
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Proposition 4.24. Let f and g be non-zero polynomials of klz1,...,x,]|. If
I =(f) and J = (g), then I NJ = (h), where h = lem(f, g).

Proof. Let p € I NJ, then p € (f) and p € (g) so that f and ¢ divide
p. By definition of the least common multiple, h divides p and so p € (h).
Conversely, let p € (h). Thus, h divides p, but by defintion of h, f and ¢
divide h so that f and g also divide p. Finally, p € (f) and p € (g), thus
pelnd. O

Example 13. Consider the ideals I = (z?) and J = (xy?) in k[z,y]. Then
we get the ideal tI + (1 —t)J = (tz? xy* — twy?). By computing the S-
polynomial of tz? and xy? — txy? we get 2%y®. It is easily checked that
{ta?, xy? — twy?, v*y*} is a Groebner basis of t1 + (1 —t)J. As {tz? zy* —
tzy?, 2?y?} N klx,y] = {z%y*}, we get that

(@®) N {ay?) = (2y?) = (lem(2?, zy?)).

4.5.4 Least Common Multiple and Greatest Common Divisor of
Polynomials

We have just seen that we can use a least common multiple of two non-
zero polynomials f and ¢ in k[xq,...,x,] to compute the intersection of the
principal ideals I = (f) and J = (g). The problem is that it is often not that
easy to compute a least common multiple of two polynomials. In Example
we had to compute the intersection of principal ideals whose generators were
monomials. In that special case, we could easily find a least common multiple.
As soon as we want to find a least common multiple of two polynomials that
are not monomials, the computation is more complicated. A solution to this
problem is to compute the intersection of the principal ideals (f) and (g) by
the general method seen in Section to get a least common multiple of
the two non-zero polynomials f, g € k[zy, ..., x,].

We know by Proposition that the intersection of two principal ideals
I = (f) and J = (g) is a principal ideal, in particular a principal ideal
generated by lem(f, g). However, using the general method of Section m
we may get a Groebner basis of I+ (1 —t)J with respect to the lexicographic
ordering that has more than one element without the variable ¢ so that it is
not obvious that this Groebner basis generates a principal ideal. This is due
to the fact that a Groebner basis with respect to a fixed global monomial
ordering in not unique which we already realised in Remark [5| To solve this
problem, we need the following results and notions.

Lemma 4.25. Let G be a Groebner basis for the ideal I C k[z1, ..., x,] with
respect to some global monomial ordering on klxy, ..., z,|. Let g be an element
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of G such that LT (g) € (LT(G\{g})). Then G\{g} is also a Groebner basis

for I with respect to the same global monomaial ordering.

Proof. Fix a global monomial ordering on k[zy,...,z,]. By definition of a
Groebner basis, we have that (LT(G)) = (LT(1)). If LT(g) € (LT(G\{g})),
then we have (LT(G\{g})) = (LT(G)). It follows that G\{g} is also a
Groebner basis for 1. O

So by dividing each polynomial g of G by its leading coefficient and by
removing any ¢ such that LT (g) € (LT(G\{g})) from G, we get a special
type of Groebner basis: a minimal Groebner basis.

Definition 4.26. Let I C k[xy,...x,] be an ideal and consider a global mono-
mial ordering on k[xq,...,x,]. A minimal Groebner basis of I is a Groeb-
ner basis G of I such that

1) LC(g) =1 for all g € G.
2) Forall g € G, LT(g) ¢ (LT(G\{g}))-

Unfortunately, there may exist several minimal Groebner bases of an ideal
I with respect to the same global monomial ordering. Indeed, consider the
ideal I = (z +y,y*) C k[z,y]. Then it easily checked that G = {z + vy, y*} is
a Groebner of I with respect to the lexicographic ordering where x > y > 1.
In addition, G satisfies conditions 1) and 2) of Defintion and so we
can conclude that G is minimal. On the other hand, we can check that
G' = {z +vy*+ y,y*} is another minimal Groebner basis of I with respect
to the same ordering. However, if we go even further we can get a certain
form of Groebner basis of I with respect to a global monomial ordering on
k[x1, ..., z,]) which will be unique.

Definition 4.27. Let I € k[xy,...x,] be an ideal and consider a global mono-
mial ordering on k[z1, ..., x,|. A reduced Groebner basis of I is a Groebner
basis G of I such that

1) LC(g) =1 for all g € G.
2) For all g € G, no monomial of g lies in (LT(G\{g})).

Note that each reduced Groebner basis G of an ideal [ is a minimal Groebner
basis of this ideal. Indeed if an element g € G satisfies condition 2) of
Defintion then it also satisfies condition 2) of Definition [4.26]

Proposition 4.28. Let [ € klzy,...x,] be a non-zero ideal and consider
a global monomial ordering on kl[xy,...,x,]. Then I has a unique reduced
Groebner basis with respect to this monomial ordering.

32



Proof. Let us fix a global monomial ordering on k[xy,...,z,]. We start by
searching a minimal Groebner basis G of the ideal I = (fy, ..., fs). First we
compute a Groebner basis G of I by using Buchberger’s algorithm. Next we
remove each element g € G such that LT(g) € LT(G\{g}) by Lemma [1.25]
and then we divide each remaining element of G by its leading coefficient.
Our Groebner basis G is now minimal by construction.

Let g € G and consider ¢ = g¢\M9} and G’ = (G\{g}) U {¢'}. This new set
G’ is a minimal Groebner basis for /. Indeed, we have that LT (¢') = LT (g)
because to get ¢’ we divided g by G\{g}, the leading term of g goes to the
remainder since it is not divisible by any element of LT'(G\{g}) by minimality
of G. Therefore, (LT(G")) = (LT(G)) = (LT(I)) and clearly G’ is a basis of
I so that G’ is a Groebner basis of I. It is minimal since LT(¢') = LT (g) ¢
(LT(G\{g})) = (LT(G"\{¢'})). By construction, no monomial of ¢’ is in
(LT(G"\{4¢'})). Indeed ¢ is the remainder of the division of g by G\{g}
and by Theorem [4.T] no monomial of the remainder is divisible by elements
from LT(G\{g}) = LT(G"\{¢'}). We say that ¢’ is reduced for G'. We can
observe that ¢’ is also reduced for any other minimal Groebner basis of [
that contains ¢’ and has the same set of leading terms. This follows because
the definition of reduced elements only involves the leading terms. So we can
repeat the above process for each g € G, i.e. it G = {¢1,..., g:} is a minimal
Groebner basis of I, then for each i € {1,...,t}, we compute g, = g;“\9} and
we finally get a reduced Groebner basis G’ = {g1, ..., g;}

The next step is to prove uniqueness of the reduced Groebner basis for I.
Suppose that G = {¢1, ..., gs} and G’ = {¢}, ..., g;} are both reduced Groebner
bases for I. Therefore, they are both minimal and they have the same leading
terms, i.e LT(G) = LT(G"). This second observation is true since by taking
g1 € G, then ¢g; = Zle a;g;, where a; € klzy,...,z,] and g; € G'. Thus
LT(g;) divides LT (gy) for some ¢ € {1,...,¢}. This also works in the other
direction and so for some j € {1, ..., s} LT (g;) divides LT (g;). By minimality
this is only possible if j = 1 and thus we must have LT(g;) = LT(g.)
for some 7. This works for each g, and is completely symmetrical and so
LT(G) = LT(G"). Soif g € G, there is ¢’ € G’ such that LT(g) = LT(¢).
Then g — ¢’ € I and since G is a Groebner basis, we have that

g—g =0. (4.4)

But as LT(g) = LT(¢'), these terms cancel in ¢ — ¢’ and the remaining
terms are not divisible by any element of LT(G) = LT(G’) since G and G’
are reduced. This shows that g — g’G = g — ¢’ and we must have by ,
g—¢ =0, 1e g = ¢. As this works for any each ¢ € G, we get that
G=GaG. O
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The first part of the proof of Proposition [4.28] explains the algorithm to get
the reduced Groebner basis of an ideal I with respect to a fixed global mono-
mial ordering. First we use the Buchberger’s algorithm to get a a Groebner
basis of I, then we turn G into a minimal Groebner basis by dividing each
polynomial g of G by its leading coefficient and by removing any ¢ such that
LT(g) € (LT(G\{g})) from G. Finally, we reduce every element g € G by
replacing g by ¢ = g9} in G.

Require: F' = (f1,..., fs)
Ensure: a reduced Groebner basis G = (g1, ..., g;) for I
G:=F
G =0
while G # G’ do
G'=G
for each pair (p,q), p# ¢ in G' do
S :=5(p.q)
if S#0and LT(S) & (LT(G\{S})) then
G =G U{e)
end if
end for
end while
G =0
for each g € G do
if LT(g) & (LT(G\{g})) then

/. g
9 = Iy

G =G U{J}
end if
end for
G =G
G =10
for each g € G do
g = goa)
G =G U{J}
end for
G =G

Example 14. Consider the ideal I = (2z + y? + y,y?) C klz,y]. Then
it is easily checked that G = {2z + y* + y,9*} is a Groebner basis of [
with respect to the lexicographic ordering where > y > 1. In addition,

G satisfies condition 2) of Defintion since LT 2z +y*> +y) = 2z &
(LT(G\{2z + y* + y})) = (y*) and LT(y*) = y* & (LT(G\{y*})) = (2z).
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By dividing 2z + y? +y by LC(2z 4+ y*> +y) = 2 we get « + 54° + 3y. Then
G ={g1 =z + 1y* + 3y, g» = y*} satisfies both conditions of Defintion M
and so G’ is a minimal Groebner basis of I. Next, compute

G =+ oy
2

and @ =2

Finally, we have that G” = {z + 1y,y?} is the reduced Groebner basis of I
with respect to the lexicographic ordering where x >y > 1.

Let us come back to the research of the least common multiple of f,g €
k[xy,...,x,), where f and g are non-zero. Consider the ideals I = (f) and
J = (g) and fix a global monomial ordering on k[z1, ..., z,]. Using the reduced
Groebner basis of I + (1 — t).J and by eliminating the elements containing
the variable t, there will only be one element left: the least common multiple
of f and g. Indeed, suppose that there are at least two elements left:

(I+(1=t)J)Nk[x1,...,xn] = (g}, ..., g;) with t > 2.

Then by Proposition we have that (¢}, ..., g)) = (lem(f,g)). It follows
that for each ¢ € {1,...,t}, lem(f, ¢g) divides g.. This gives us a contradiction
to 2) of the definition of a reduced Groebner basis. Thus, ¢ = 1 and

(L + 1 —=t)J) N klz, ... 2] = (g1) = (lem(f, g)).

Example 15. Consider the lexicographic ordering on k[z,y] where z > y >
1. We want to find the least common multiple of f = 222 — y and ¢ = 2y
in k[z,y]. Therefore we will compute (f) N (g) by applying Proposition [£.22]
We have that

L= {(tf, (1 —t)g) = (2tax® — ty, xy — tay).

By using SINGULAR, we get that {223y —zy?, ty? —22%y, toy — xy, 2tx* —ty}
is a Groebner basis of L with respect to the lexicographic ordering on k[t, x, 3]
where t > x,y. By the elimination theorem,

{223y — xy? ty® — 22%y, toy — xy, 2tx* — ty} N klz,y] = {22%y — 2%}

is a Groebner basis of (f) N (g). By dividing 223y — xy?® by its leading
coefficient 2, we immediately get the reduced Groebner basis {z*y — zy?} of
(f)N{g) since a Groebner basis consisting of a single element always satisfies
condition 2) of Definition Therefore we can conclude that

1

lem(22% — y, xy) = 2%y — éxyz.
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> ring r=0, (t,x,y),lp;
> ideal L;

> L=2tx2-ty,xy-txy;

> std(L);

_[11=2x3y-xy2
_[2]=ty2-2x2y
_[3]=txy-xy
_[4]=2tx2-ty

Knowing the least common multiple of two non-zero polynomials f and ¢ in
klxy, ..., z,], we would like to compute the greatest common divisor of two
polynomials f and ¢ in k[zq, ..., x,).

Definition 4.29. Consider a global monomial ordering on k[xy, ..., x,]. The
greatest common divisor of two non-zero polynomials f,g € klxq, ..., x,]
s the polynomial h such that

1) h divides f and g.
2) If p is another polynomial which divides f and g, then p divides h.
3) LC(h) = LC(fg).
It is denoted by h = ged(f, g).
The following proposition gives us a relation between lem(f, g) and ged(f, g).

Proposition 4.30. Consider a global monomial ordering on k[xy, ..., z,] and
let f,q € kl[x1,...,x,], where f and g are non-zero. Then

which is equivalent to

Iy
ged(f,g) = ———. 4.5
9= e f.g) 49)
Proof. We will proof the proposition by showing that (4.5)) is verified. Let
us write h = lem(f, g). Since f and g divide h, there are hy, hy € k[z1, ..., 2,
such that
h =hif = hag.

Since fg is a common multiple of f and ¢ and h is the least common multiple
of f and g, we have that h|fg and then we can write

fg g fg f
h_hlg and h_h2|f.
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Thus, we can conclude that f—ﬁ" is a common divisor of f and ¢ and so it

satisfies condition 1) of Definition Since

fg\  LC(fg)
LO<7> = Iom) LC(fg),

condition 3) of Defintion is verified. Next we want to show that % is the
greatest common divisor of f and g, i.e. it satisfies condition 2) of Defintion
Assume that D is another common divisor of f and ¢, i.e. D divides f
and g. Then there are fi, fo € k[zy, ..., 2, such that

f=hHD and g=gD.

It follows that
[l figgD and g| fig1D

so that f1g1 D is a common multiple of f and g. Since h is the least common
multiple of f and g, it follows

h| figiD.

Since we have
fg= flng2 = figD- D,

we get
fo _helD L p e
h g h
We can conclude that % = ged(f, g). ]

Proposition [1.30] allows us to compute the greatest common multiple of two
polynomials of k[z1, ..., x,] with respect to a global monomial ordering after
we have computed its least common multiple.

Example 16. Consider the lexicographic ordering on k[z,y] where z > y >
1. In Example [15] we computed that

1
lem(22° — y, vy) = 2°y — iny.

By Proposition it follows that

(222 —y) - (xy) _ 2%y —xy® _

= 2.
lem(22? — y,xy) a3y — %:UyQ

ged(22” — y, y) =
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4.5.5 Quotient of an Ideal

Another operation on ideals is the quotient of ideals.

Definition 4.31. Let I and J be ideals in k[xy,...,x,|. Then the ideal
quotient of I by J is defined by

I:J={f€klry,...,x,]: fg eI forallge J}.

Proposition 4.32. If I and J are ideals in k[xq,...,x,], then I : J is an
ideal in k[xq, ..., 2,].

Proof. Let p,q € I : J and h € k[zy,...,x,]. Then for all g € J, we have
(p+q)g =pg+qg € I and (hp)g = h(pg) € hI C I. Hence p + ¢ and hp
both belong to I : J and so [ : J is an ideal of k[xq, ..., x,]. O

Now that we know that the quotient ideal is also an ideal, we would like to
compute its basis. The following results will give us an algorithm to do so.

Theorem 4.33. Consider a global monomial ordering on k[, ...,x,]. Let
I C K[z, ...,z,) be an ideal and g € klxy,...,x,]. If {h1,...,he} is a basis of
the ideal I N {g), then

hy h
I:(g) = (—,—),
g g
where for each 1 < i <t, ™ is the division of h; by g in k[x1, ..., 1,].

7 g

Proof. “ C ’If f € I : (g), then by definition fg € I. We also have that
fg € (g), so that fg € I N {g) = (hy,...,h). Therefore, we can write
fg= 22:1 rih;, where each r; € k[zy,...,x,]. Since hyq, ..., h; is a basis of the
ideal I N (g), each h; € (g). Hence each % € klzy,...x,] and so we can write

f=3", . Fnally, f e (&, . b))
7D 7 Let f € <%, ,%> If a € (g), then a = bg for some b € k[zy, ..., z,].

Therefore,
h h
af =bgf € <j7,j> =1N{g) CI.

Hence, by definition f € I : (g). O

As we know from Section how to compute an intersection of ideals, we
can now compute a basis of a quotient ideal I : (g), where I C k[z1, ..., 2]
is an ideal and g € k[z1, ..., ,]. The next proposition allows us to generalise
this result.
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Proposition 4.34. Let I and J; be ideals in k[z1, ..., x,] for 1 <i < s. Then

I: (i‘L) :ﬁ(I:JZ—).

In particular, if f1,..., fs € klz1, ..., 2], then

S

I:(fiy fs) = ﬂ(I (i)

=1

Proof. We will prove this statement by induction on s. For s = 1 it is clear.
Suppose now that the statement is true for s and let us show that it remains
correct for s + 1:

"C"Let f e I (X7 T) =1 (X5, Ji+ Jo), then gf € I for all
g€ > Ji+ Jo1. We can rewrite g = hy + hg, where hy € >°7 | J; and
hy € Jsy1, so that gf = hyf + hof € I for all hy € Y7, J; and hy € J41.
In particular for hy = 0, we have that hyf € I for all hy € Y;_, J;, so that
fel: (0 Ji) =i (:J;). Analogously, we get that f € I : Jo.
Thus, we have that f € ((_, (I:J)N(I: Jor) =2 (I ).

SV e (VT ) = (O (22 )AL < Jusn), then f € (Y, (1 J;) =
I:(3>>7_,Ji)and fel: Joy sothat

for all hy € Y J; hif € I and
i=1

for all hg € JS+1 hgf el

Since I is an ideal, we have that

for all hy € > Jishy € Jox (i +hao)f = haf + haf €1

i=1
s s+1
— forallge Ji+Ju1=» Ji gfel
i=1 i=1
Finally, we can conclude that f € I : (Zf:ll J;). O

Example 17. Consider [ = (x — y* 2?) and J = (zy, y?) and consider the
lexicographic ordering on k[x,y|] with z > y > 1. We want to compute the
quotient ideal I : J. By Proposition [4.34] we get

I:J=(T:(zy) N (I:(y?).
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Let us first compute I : (xy). We have already seen in Example [12| that
1N (zy) = (wy?, 2%y — 2y’).
By Theorem {4.33] we have that

2 .2 3

ry" x7Yy —xY

Iifay) =(— ———
xy xy

Let us now compute I : (y?). Using SINGULAR, we get that {tz —y?, t*y* —
y? y*, zy*} is a Groebner basis of tI + (1 — t)(y?). Therefore

IN(y?) = (tv — v, 2% — 2,y oy®) N ko, y] = (' 2y?).
Again by Theorem [4.33]

)= (y,z — y°).

A
f-<y>—<y2,y2> (y*, ).

It remains to compute

(I: (zy)) N (= (y) = (g, —y?) N (Y, x).

Using SINGULAR, we get that {y?, x, ty} is a Groebner basis of t{y, z —y?) +
(1 —t){y? x). Since

(y,z —y?) N (y*, x) = (v, @, ty) Nklz,y] = (y°, x),

we finally get
I:J= (2.
ring r=0, (t,x,y),1lp;
ideal L;
L=ty,tx-ty2,y2-ty2,x-tx;
std(L);
_[11=y2
_[2]=x
_[3]1=ty

vV V V V

4.5.6 Saturation

Let I,J C k[zi,...,x,] be ideals and let us consider the quotient of I by
powers of J

I=1:J°cl:J'Ccl:J?CI:J°C..Cklwy,...,x,).

Since k[z1, ...,z is Noetherian, by Proposition [3.3] there exists an s € N
such that 4
I:J5=1:J%"foralli>0.
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Definition 4.35.
1) Let I,J C klxy, ..., x,] be ideals and let s € N be such that

I:J°=1:J foralli>0.
Such an s satisfies

[:J°=Jr:7=1:70
i>0
and I : J® is called the saturation of I with respect to J.

2) The minimal such s is called the saturation exponent.

Given ideals I, J € k[z1, ..., x,], we know by Proposition that I : J> is
an ideal and so we want to compute generators and the saturation exponent.
To do so, we need the following result.

Lemma 4.36. Let I, 5, I3 be ideals in k[z1,...,x,|. Then we have
([1 . [2) : 13 = Il : ([Q . 13)
Proof. This follows immediately from the definition. Indeed

fel:hL):I;
< gfel,:forall gel;
<= hgf € I for all h € I,, for all g € I3
< kfelforall kel I3
— fel:(ly-1I3).

]

In the general case, we will use the following algorithm:
Set 1(® = I and compute successively 10+ := 10) : J 5 > 0, by the method
seen in Section In this way we have

W=7
I =T:J):J=1:J°
19 =719,

which is a consequence of Lemma In each step check whether 1U+1 =
19, by using Section or by computing their reduced Groebner basis with

41



respect to the same global monomial ordering and then using the uniqueness
of the reduced Groebner basis of an ideal for a fixed global monomial ordering.
If s is the first j when this happens, then I¢) = I : J* and s is the saturation
exponent.

Example 18. Consider the ideals I = (2?y,y32) and J = (xz,y?) in k[z,y, 2].
Using SINGULAR, we get

IO =T1:J= @z zyz 2%y).

Since F' = {x?y,y32} is a Groebner basis of I with respect to the lexicographic
ordering on k[z,y, z] with x > y > 2z > 1 and LT (zyz) is not divisible neither
by LT(x%y), nor LT (y*z), we have that I(V) # I = I(®), Thus, the algorithm
does not stop and

1@ =1:J% = (yz,2%).

Since G = {2y, 2yz,y>2} is a Groebner basis of I®") with respect to the
lexicographic ordering on k[z,y,z| with > y > 2z > 1 and LT (yz) is
not divisible neither by LT (z%y), nor LT (xyz), nor LT (y?z), we have that
I® £ [ Thus, the algorithm does not stop and

IO =T1: 7% = (yz,2%).
Since I®) = @) the algorithm stops and we have that

I:J° =19 = (yz,2%y)

and the saturation exponent equals 2.

ring r=0, (x,y,z),lp;
ideal I;
I=x2y,y3z;
std(1);

_[1]=y3z

_[2]=x2y

> ideal 7J;

> J=xz,y2;
>quotient(I,J);
_[1]=y3z

_[2]=xyz

_[31=x2y

> I=quotient(I,J);
> std(I);

vV V V V
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_[1]=y3z

_[2]=xyz

_[31=x2y

> quotient(I,J);
_[1]=yz

_[2]1=x2y

> I=quotient(I,J);
> quotient(I,J);
_[1]=yz

_[2]1=x2y

If J is a principal ideal in k[z1, ..., z,], then there is a second way to compute
I:J>.

Proposition 4.37. Let I be an ideal of k[z1, ...,x,| and let f € k[xq, ..., x,].
Consider the ideal L = (I,1 —tf) in k[xy, ..., z,,t], where t is an additional
new variable. Then

I:(f)*=LNklxy,..,x,).

Proof. "C" If g € I : (f)*°, then g € k[z1,...,2,] and there exists d € N
such that gf? € I. By definition of L, 1 = tf + [, where [ € L. Thus,
1=14= (tf+ D¢ =tif?+ 1 where I’ € L. Hence, g = (¢gf)t? +gl' € L
and so g € LN k[xq, ..., 2,

"O"If g € LN Eklxy,...,z,), then ¢ = qi + ¢2(1 — tf) where ¢ € I and
Q1,2 € klx1, ..., xp, t]. In k(zq,...,2,,1), we can substitute ¢ by % to get

. 1 . .
g=qi+q(1— ?f) =qi+q(l—-1)=qi.

Then we multiply the previous equation by f9¢, where d = deg, ¢; to obtain
flg=(flq)i=qiel,
where ¢ € k[xy,...x,]. Finally, g € I : (f)>. O

Example 19. Consider the ideals I = (2?z,y2%) and J = (2) in k[z,y, z].
Then we get
L= (2%2z,y2% 1 —t2).

Using SINGULAR, we get that F' = {y, 2% 1 — tz} is a Groebner basis of L
with respect to the lexicographic ordering on k[t,x,y, z] with t > = > y >
z > 1. Finally, we get

I:J% =y, 2% 1—tz) Nklx,y, 2] = (y,2?).
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> ring r=0, (t,x,y,2),lp;
> ideal L;

> L=x2z,yz3,1-tz;

> std(L);

4.5.7 Radical of an Ideal
Another operation on ideals is the radical of ideals.

Definition 4.38. Let I be an ideal of k[z1, ..., x,|. The radical of I is the
set
VI={f:f™el for some integer m > 1}.

Lemma 4.39. If I is an ideal, then /I is an ideal with I C /1.

Proof. Suppose that fi, fo € VI. Then, by definition, there are two posi-
tive integers my, mo such that f{"', f5"* € [. If we expand the sum (f; +
fo)™+m2=1 with the binomial theorem, we see that every term is a multi-
ple of some fi*f5* with s; + so = my + my — 1 Since either s; > m; or
Sg > Mg, either f|" € I or f3"* € I. Therefore, since all its terms are in I,
(fi+ f2)™*™~1 € T and so f1 + f, € V1.

Suppose now that f € v/I and consider a polynomial g of k[z1, ..., z,]. We
have that f™ € I for some positive integer m, thus ¢™f™ = (gf)™ € I.
Therefore, gf € v/I and so v/ is an ideal.

If f €I, then f™ € I for m = 1, and so by definition, f € vI. We can

conclude that I C /1. O

Now that we know that v/I is an ideal, we would like to know whether a
given f € k[x1,...,z,] is in v/I. The following lemma, which is sometimes
called Rabinowich’s trick [21], provides a solution to this problem.

Proposition 4.40. Let I C k[zy,...,x,] be an ideal and f € k[xy,...,x,).
Then
feVvli < 1elL:= (I,1—tf) C klzy,...,zp, 1],

where t 1s an additional new variable.

Proof. " = " If f € VI, then f™ € I for some positive integer m and so
t" fm™ e L. Thus,

L=t"f" 4+ (1 —t"f™) =t"f"+ (1L —tf) (L +tf + ... +t"f™ e L
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"«—=" Tet 1 € L. By assumption, there are fi,...,f, € I and g;(t) =
S ¥ aigt! € K[z, ..., 2,)[t], i =0, ..., k such that

j:
k
1= Zgi(t)fi + 90(t)(1 —tf).
i=1
Since f cannot be nilpotent as we work in an integral domain, we can replace t
by % in k(xq, ..., Ty, t) and then multiply the equation by f™ for m sufficiently
large. Thus, we obtain

k k
"= fngi(%)fi = fmzaijf_jfi = Zaijfm_jfi el
i=1 i=1 ij

O

To solve the problem of radical membership, we consider the lexicographic
ordering on k[xy, ..., z,| with t > 21 > ... > x, > 1) and compute a Groebner
Basis G of L = (I,1 —tf). Then f € +/I if and only if G contains a
polynomial g with LM (g) = 1.

Example 20. Consider the ideal I = (xy,x*> — zy*) and the polynomial
[ = 2%*y*+z in k[x,y]. Let us consider the ideal L = (zy, 2? —zy?* 1 —tz?y* —
tz) C klz,y,t]. Using SINGULAR, we obtain as a Groebner basis G = {1}
with respect to the lexicographic ordering on klz,y,t] with ¢t > z > y > 1.
We have clearly LM (1) =1, so that f € v/1.

> ring r=0, (t,x,y),lp;

> ideal L;

> L=xy,x2-xy2,1-tx2y2-tx;
> std(L);

_[1]=1

Remark 9. It is even possible to compute the generators of /I, but this
is a much harder computation as it involves primary decomposition. Indeed
consider for example the lexicographic ordering on k[z] with x > 1 and let
I = (f), where f = (z? + 1)z?. In these univariate case, the computation
is rather easy and we have VI = ((v? + 1)x). In general, if f = [[, f7",
where f; irreducible and f; # f; for i # j, then VT = ([], f;) and [[, f: is
called the square-free part of f. Things get even more complicated when the
ideal I is generated by several multivariate polynomials. The consideration
of this would go beyond the scope of this thesis. You can find the algorithm
that provides generators of VI in A Singular Introduction to Commutative
Algebra [14), Section 4.5].
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4.5.8 Colouring of a graph

Groebner bases can be used to solve the problem of graph colouring which
has many practical applications such as air traffic control, flight scheduling or
Sudoku puzzles. In this section, we will only consider 3-colouring of graphs.
Let us first state the problem precisely. We are given a graph G with n
vertices with at most one edge between any two vertices. We want to colour
the vertices in such a way that only 3 colours are used and no two vertices
connected by an edge have the same colour. If G can be coloured in this way,
then G is called 3-colourable. This problem can be applied to a map of a
country: the vertices represent the regions to be coloured and two vertices
are connected by an edge if the two corresponding regions are adjacent. But
how do we transform this problem into an algebraic problem? First we need
to assign a variable to each vertex. If we have n vertices, then we have the
variables z1, ..., x,,. Each vertex is to be assigned one of the 3 colours and we
want to translate this in a set of equations. An approach to this problem is
to map colours to primitive cube roots of unity. Let { = e’ be a root of
unity so that ¢3 = 1. Then the 3 colours are represented by 1, and ¢(? and
as each vertex is to be assigned one of these colours, we get

P —1=0,1<i<n. (4.6)

If the vertices z; and z; are connected by an edge, they need to have a
different colour. Since z} = %, we have (z; — x;)(2} + z; + 27) = 0.

Therefore z; and x; will have different colours, i.e. z; # z;, if and only if
T2+ 375 + x? = 0. (4.7)

Indeed, if x; # x;, then (z; — z;)(2] + 22y + 23) = 0 if and only if z7 +
;T + x? = 0. To get the other implication, let us suppose that z; = x;
and x7 + x;x; + 27 = 0. Then we get that 327 = 0 i.e. 2; = 0 which is a
contradiction to x; € {1,¢, (?}.

Consider the ideal I C C[zy, ..., x,] generated by the polynomials in equation
and for each pair of vertices x;, z; which are connected by an edge by the
polynomials in equation ([£.7). We will consider now the zero-set Z(I) C C"
and then the following theorem is immediate.

Theorem 4.41. The graph is 3-colourable if and only if Z(I) # 0.
To check that Z(I) # 0, we will use the following statement.

Theorem 4.42 (The Weak Nullstellensatz). Let k be an algebraically
closed field and let I C k[zy,...,x,) be an ideal satisfying Z(I) = 0. Then
lel.
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Proof. In the first step of the proof, we will show that every maximal ideal
of klxy, ..., z,] has the form (x; — a4, ...,x, — a,) for some ay,...,a, € k. If
m is a maximal ideal of k[zy, ..., z,], then k[xy,...,z,]/m is a field which is
finitely generated as a k-algebra. We can use the following result: if f is a
field and F'is a field extension which is finitely generated as a f-algebra, then
F' is algebraic over f (see for example [2]). Therefore klxy,...,z,]/m is an
algebraic extension of k, hence equal to k. Thus, each x; maps to some a; € k
under the natural map k[zy, ..., z,| — k[z1,...,2,]/m = k, so m contains the
ideal (z1 — ay, ..., z, — a,). This is a maximal ideal, so that

m= (z1 — ay, ..., Ty — Ay).

Now suppose that I C k[xq, ..., z,] is an ideal such that Z(I) = . If it lay in
some maximal ideal, say (x; — ay, ..., T, — a,), then (ay, ..., a,) € Z(I) which
is a contradiction to Z(I) = (). Therefore I does not lie in any maximal ideal
of k[xy, ..., x,], so that we must have I = k[xq, ..., x,] which is equivalent to
lel. [

It is therefore sufficient to compute the reduced Groebner basis G of the
polynomials generating I and check whether G # {1}. If G # {1}, then by
Theorem Z(I) # () and so we can conclude by Theorem that the
graph G is 3-colourable. In this case the Groebner basis G gives us explicit
information about all possible 3-colourings of G. Otherwise if G = {1}, it is
clear that Z(I) = () and thus the graph G is not 3-colourable.

Example 21. Let us consider as example the provinces of Belgium. There
are ten of them and we will consider the region Brussels (Bruxelles) as
eleventh province even though it does not belong to any province. Is it
possible to assign to each province one of three colours, say red, blue and
green, so that no adjacent provinces have the same colour?

The polynomials corresponding to the graph G are

3 —1=0, fori=1,..,11
and
x? + ziwy + :17? =0,
for the pairs (i, §) € {(1,2),(1,5),(2,3),(2,5), (2,6), (3,4), (3,6), (4,6), (4,9),

(5,6),(5,8),(5,10),(6,7),(6,8),(6,9),(8,9), (8,10), (9, 10), (9, 11), (10, 11) }.
Let us denote by [ the ideal corresponding to the above polynomials. Using
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1 Flandre occidentale
2 Flandre orientale
3 Anvers
4 Limbourg
b Hainaut
6 Brabant flammand
7 Bruxelles
8 Brabant wallon
9 Liége

10 Namur

11 Luxembourg

SINGULAR, we compute the reduced Groebner basis G with respect to the
lexicographic ordering on k[xq, ..., x11] with x1 > ... > x1; > 1

3 2 2
G = {z}, — 1,27 + 10711 + 273, Tg + T10 + T11, Ts — T11,
2 2
T7 + Trx19 — T10T11 — T11, Te — T10, L5 + T10 + T11, T4 — T11,

T3+ T10 + T11, Ta — 11, T1 — T10}-

Since G # {1}, we have that Z(I) # 0 and so by Theorem [4.41] the graph
G is 3-colourable. We can use the Groebner basis G to colour the map. We
must first choose a colour for x1, say blue, since the only polynomial in one
variable in G is #3; — 1. Then we must choose a different colour for i,
say red, because of the polynomial 22, + z19z1; + 2%, € G. Since we have
CH+C+¢=0and 29 +x19+ 211 € G, 9 must have a different colour than
219 and z11, so that x9 has to be green. Since GG contains the polynomials
rg — T11, T4 — 11 and x9 — x11, provinces xg, x4 and xo must be blue such as
x11. Similar, since zg — x19 and x1 — 19 € G, 1 and xg must have the same
colour as z1g: red. Then, since G contains x5 + x19 + 11 and x3 + z10 + 211,
x5 and x3 must have a different colour than z,y and xq;, green. Since x7
has only x4 as neighbour, we can choose for x; two different colours, blue or
green, so that the colouring of this map is not unique.
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> ring r=0, (x(1..11)),1p;

> ideal I=x(1)3-1,x(2)3-1,x(3)3-1,x(4)3-1,x(5)3-1,x(6)3-1,
x(7)3-1,x(8)3-1,x(9)3-1,x(10)3-1,x(11)3-1,x(1)2+x(1)x(2)+x(2) 2,
x(1)2+x(1)x(5)+x(5)2,x(2) 2+x(2)x (3) +x(3)2,x(2) 2+x (2)x(5) +x(5) 2,
x(2)2+x(2)x(6)+x(6)2,x(3)2+x(3)x(4)+x(4)2,x(3)2+x(3)x(6) +x(6) 2,
x(4)2+x(4)x(6)+x(6)2,x(4)2+x(4)x(9)+x(9)2,x(5)2+x(5)x(6) +x(6) 2,
x(5)2+x(5)x(8)+x(8)2,x(5)2+x(5)x(10)+x(10)2,x(6) 2+x(6)x (7) +x(7) 2,
x(6)2+x(6)x(8)+x(8)2,x(6)2+x(6)x(9)+x(9)2,x(8)2+x(8)x(9)+x(9) 2,
x(8)2+x(8)x(10)+x(10)2,x(9)2+x(9)x(10)+x(10) 2,

x(9)2+x(9)x (1) +x(11)2,x(10) 2+x(10)x(1 1) +x(11)2;

> option(redSB);

> std(1);

_[11=x(11)3-1

_[2]=x(10)2+x(10)x(11)+x(11)2

_[31=x(9)+x(10) +x(11)

_[4]1=x(8)-x(11)

_[61=x(7)2+x(7)x(10)-x(10)x(11)-x(11)2

_[61=x(6)-x(10)

_[71=x(5)+x(10)+x(11)

_[8]1=x(4)-x(11)

_[91=x(3)+x(10) +x(11)

_[101=x(2)-x(11)

_[111=x(1)-x(10)
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Example 22. Let us now consider the cantons of the Grand Duchy of Lux-
embourg. There are twelve of them and as before we ask ourselves if it is
possible to assign to each canton one of three colours, say red, blue and green,
so that no adjacent cantons have the same colour.

Clervaux

Wiltz

Diekirch
Yianden
Redange
Mersch
Echternach
Capellen
Luxembourg
Grevenmacher
Esch-sur-Alzette
Remich

0o = N e 0N —

8
|

5
j—
=

I
I
]
—
=
— ok
M —

11

The polynomials corresponding to the graph G are
3 —1=0, fori=1,..,12
and
x? + 175 + x? =0,

for the pairs (i, 7) € {(1,2),(1,3),(1,4),(2,3),(2,5),(3,4),(3,5),(3,6),(3,7),
(5,6),(5,8),(6,7),(6,8),(6,9), (6,10),(8,9), (8,111), (9, 10), (9, 11), (9, 12),

(10,12),(11,12)}. Let us denote by I the ideal corresponding to the above
polynomials. Using SINGULAR, we compute the reduced Groebner basis G
with respect to the lexicographic ordering on klxy, ..., z12] with z; > ... >
z12 > 1 and we get G = {1}. Since 1 € G, we have that Z(I) = () and so G
is not 3-colourable. Indeed, let us try to colour the cantons of Luxembourg
by hand. We start by colouring Clervaux(1) red. Since Wiltz(2) is a neigh-
bour of Clervaux, it has to be coloured in a different way, say blue. After
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these choices, there is only one colour possible for each canton. At the end,
Remich(12) represents a problem, since we cannot colour it neither red, nor
blue, nor green. This is easily seen by looking at Figure

Figure m

> ring r=0, (x(1..12)),1p;

> ideal I=x(1)3-1,x(2)3-1,x(3)3-1,x(4)3-1,x(5)3-1,x(6)3-1,
x(7)3-1,x(8)3-1,x(9)3-1,x(10)3-1,x(11)3-1,x(12)3-1,

x(1)2+x()x (D) +x(2)2,x(1)2+x(1)x(3)+x(3)2,x (1) 2+x(1)x(4)+x(4) 2,
x(2)2+x(2)x(3)+x(3)2,x(2)2+x(2)x(5)+x(5)2,x(3) 2+x(3)x (4) +x(4) ,
2x(3)2+x(3)x(5)+x(5)2,x(3)2+x(3)x(6)+x(6)2,x(3)2+x(3)x (7)) +x(7) 2,
x(5)2+x(5)x(6)+x(6)2,x(5)2+x(5)x(8)+x(8)2,x(6)2+x(6)x(7)+x(7)2,
x(6)2+x(6)x(8)+x(8)2,x(6)2+x(6)x(9)+x(9)2,x(6)2+x(6)x(10)+x(10)2,
x(8)2+x(8)x(9)+x(9)2,x(8)2+x(8)x(11)+x(11)2,x(9)2+x(9)x(10)+x(10) 2,
x(9)2+x(9)x (1D +x(11)2,x (9 2+x (N x(12)+x(12) 2,
x(10)2+x(10)x(12)+x(12)2,x (1) 2+x(11)x(12) +x(12)2;

> option(redSB);

> std(I);

_[1]=1
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5 Resultants

In this section, we introduce a classical approach to the elimination problem
which makes use of resultants. Before turning to the general concept of mul-
tivariate resultants, we consider the resultant of two univariate polynomials.
In the following, we only consider algebraically closed fields k. This is neces-
sary since we consider common zeroes of polynomials in k[z1, ..., z,| and we
want to be sure that these common zeroes are contained in the field £.

5.1 Univariate Resultants

Counsider

f:Zfixi,Wherefiekandm:degf>0,
i=0

g:Zgjxj,wheregj € kand n =degg > 0,
5=0

two non-constant polynomials in k[x]. We would like to give an answer to
the following question: When do f and g have common zeroes, i.e when do
we have a € k such that f(a) = g(a) = 0?7 We know that when f and g have
at least one common root, then

deg(ged(f, g)) > 0.

Since by Proposition [£.30]

ged(f, g) -lem(f,g9) = fg,

we can conclude that
deg(lem(f,g)) <m+n

thus lem(f, g) = fp = —gq for some polynomials p, ¢ € k[z] with deg(p) < n
and deg(q) < m and so

fp+g9q=0. (5.1)

Next we will turn fp+ gq = 0 into a system of linear equations. Let us write
therefore:

pP=po+p1xr+..+ pn—lxn_la

q=qo+ QT+ ...+ Gr17™ ",
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where we will regard the n + m coefficients po, ..., Pn_1,90, ---; Gm_1 as un-
knowns in k. If we replace f,g,p and ¢ by their expanded expression into
equation (5.1), we get the following system of linear equations:

m+n—1

fmDn—1 + 9nGm—1 =0 coeflicients of 2

Frne1Pn-1 + fmPn2 + Gn1Gm-1 + Gngm—_2= 0 coefficients of 2™ "2

(5.2)

fopo + 9090 =0 coefficients of z°.

Notice that there are m+n linear equations and m+n unknowns. Therefore,
we can conclude from linear algebra that there is a non-zero solution if and
only if the determinant of the coefficient matrix is zero. This coefficient
matrix has a special name and so has its determinant:

Definition 5.1. Let f,g € k[x] be two polynomials with

f=Y_fa' where f; € k and m = deg f >0,
=0
g= Zgjxj ,where g; € k and n = degg > 0.
=0
The Sylvester matriz associated to [ and g is then a (n +m) X (n 4+ m)
matrix given by

Jm 9n
fm—l fm In-1 gn
fm72 fmfl fm gn—2 Gn-1 Gn
5 fm 5 n
S(fv g) = f . p . )
0 . 0 :
Jo go
Jo : go
Jo 90
n CO‘IZTI’LTLS m c;l;mns

where the empty spaces are filled by zeroes. The determinant of the Sylvester
matriz of f and g is called the resultant of f and g and is denoted by R(f,g):

R(f,g) = det(5(f.g)) € k.
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Remark 10. In literature, the Sylvester matrix of two non-constant poly-
nomials f and g is sometimes defined to be (S(f,g))”, where S(f,g) is the
Sylvester matrix of f and g as defined in Definition [5.1} Since the determi-
nant of a square matrix is the same as that of its transpose, this does not
change the definition of the resultant of f and g.

Proposition 5.2. Let f,g € k[z] be non-constant polynomials. Then f and
g have common roots if and only if R(f,g) = 0.

Proof. This is true by construction of R(f, g). Indeed R(f,g) = 0 if and only
if the coefficient matrix of equations has zero determinant if and only if
equations have a non-zero solution if and only if deg(lem(f, g)) < m+n
if and only if deg(ged(f, g)) > 0 if and only if f and g have a common factor
of degree non-zero if and only if f and g have at least a common root.  [J

Example 23. Let us check whether f = 23+2x—1 and g = 322 +2+2 have a
common root in Clz|. Since deg(f) = 3 and deg(g) = 2, the Sylvester matrix
of f and g is a 5 x 5 matrix and their resultant, computed with SINGULAR,
is equal to

1 0 300
0 1 130
R(f.g)=det| 2 0 2 1 3[=6420.
1 2 02 1
0 -1 00 2

Therefore, we can conclude that f and g have no common root.
We will need the following lemma to proof some properties of a resultant.

Lemma 5.3 (Study’s Lemma). Let k be an algebraically closed field, f, g €
klxyi, ...,z with f being irreducible. If

Z(f) € Z(g),
then [ divides g.

Proof. The idea of the proof is based on projection, i.e. consider the re-
sultant of f and g with respect to, say z,. This means that we consider
the polynomials f, g as polynomials of k[z1, ..., x,_1][z,] and we compute the
univariate resultant R(zxq,...,z,-1) = R(f,g,x,) of f and g with respect to
ZT,. Let us assume, by contradiction, that f does not divide g. Since f is
irreducible, it follows that R(f, g, x,) # 0. Indeed, we have that

R(f,g,x,) =01in k[zq, ..., 2, 1]
<= f and g have a common root in the algebraic closure of k(x1, ..., 2, 1)

<= f and g have common factors over k(z1, ..., T,—1)[Tn].

24



The last statement is however impossible, since f does not divide g and
f is irreducible and so R(f,g,x,) # 0. In this case, we can find a point
a = (ay,...,an_1) € k"' such that R(a) # 0. The space A of such points is
dense in k"1, Let us write

dn
f =" bz, with deg f =d, >0
i=0
dy,
and g = chxfl with degg = d, > 0,
=0

where b;,¢; € k[z1,...,x,1] for i € {0,...,d,}, j € {0,...,d,}. Let B be the
set of points a’ such that by, (a’) # 0 and C' be the set of points a” such that
ca (a”) # 0. Since B and C are dense in k"', we have that ANBNC # 0
and so there is d € ANBNC. This means that f(d,x,) # 0 and g(d,z,) Z 0
have no common factor, which is impossible: by algebraic closedness of k,
f(d, z,) has some zero and since we have by assumption Z(f) C Z(g), this
is also a zero of g(d,z,) and so f and g have a common factor. It follows
that flg. O

Let us now consider some properties of a resultant.
Proposition 5.4. Let f,g € k[z]| be two polynomials with
f= Zfixi, where f; € k and m = deg f > 0,
i=0

g= Zgjxj, where g; € k and n = degg > 0.
=0

,g) 1s an integer polynomial in the coefficients of f and g.

4) R(f,9) = fman 11 ;(ci — Bj),
where «; are the roots of f and B; those of g.

9) R(f1- f2.9) = R(f1,9) - R(f2.9) and R(f,g1-92) = R(f, 1) - R(f, g2)-
for fi, g; € k[x] with deg f; > 0 and degg; > 0, i € {1,2}.
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6) R(f,g) is irreducible as a polynomial in the coefficients of f and g.

Proof. 1) and 2) are direct consequences of the properties of the determinant
of a matrix.
3) The standard formula for the determinant of a nxn matrix M = (m;;)1<i j<n
is

det(M) = Z sgn(a)mla(l) * Mg (2)---Mpo(n),

o a permuation of {1,...,n}

where sgn(o) is the signature of the permutation o, i.e. sgn(c) = 1 if o
interchanges an even number of pairs of elements of {1,...,n} and sgn(o) =
—1 otherwise. Thus, the determinant is an integer polynomial in its entries
and so 3) follows from the definition of a resultant.

4) Let us denote R' = frg;" 1, ;(ci — B;), where a; are the roots of f and
B; those of g and let R = R(f,g). By Proposition we know that R
vanishes if and only if R’ vanishes. Consider R and R’ as polynomials in
fm, @1, ooy Qo G,y Biy o, By and note that «; — B; is irreducible. If o — §;
vanishes, then R’ vanishes and so R vanishes. Thus, the zero-set of o; — 3; is
contained in the zero-set of R. By Study’s Lemma, this implies that o; — 3;
divides R. In addition, by the definition of R, we have that f g divides R,
thus we can conclude that R’ divides R, since each factor of R’ divides R.
Consider now R and R’ as polynomials in fq, ..., fim, 9o, ---, gn and notice that
deg R = deg R = m + n. So there is some A € k\{0} such that R = X\ - R.
Next, we evaluate R and R’ at o; =1 and 3; =0 for each i € {1,....,m},j €
{1,...,n}. Since oy — B; = 1 for all 4, j, we get that R' = fI¢". Since o
are the roots of f, we can write f = f,,, [[;~,(z — ;). Similarly, since j; are
the roots of g, we have g = g, H;.LZO(:I: — f3;). By replacing a; = 1in f and
B; = 01in g, we get that f = f,(x—1)" = f (2™ —ma™ 1+ ...+ (—1)") and
g = gnx". Let us look at the Sylvester matrix of this f and g. It is equal to

Jm 9n
fm(=m) Jm 0 gn
' fm(—m) 0
: fm : In
fm(=1)" 0
h n COT'l:mHS h m C(H;mns .
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To compute the determinant of S, let us move its last m columns to the left,
to get

n fm
L0 C fulem)
S'(f.9) = 0 fm(=1)" Fm(=m) |,
0 : fm(=1)™
0
0 fm(=1)™
) mccﬁgmns ncoT&nns

It is obvious that det(S'(f, ¢)) = ¢/ f7 (—1)™™ and since we moved m columns
n times to the left to get S’(f, g), we have, by a property of the determinant,
that det(S’(f,g)) = (—=1)" det(S(f,g)) so that

R =det(S(f,9)) = fnon-

Since R and R’ coincide for a; = 1 and ; = 0 for each i € {1,...,m},j €
{1,...,n}, we can conclude that A =1 and so R = R'.

5) Let us denote f = fi - fo, deg fi = my, LC(f1) = fim,, deg fo = mao,
LC(f2) = fom, and m = mq+ms. Let ¥q, ..., Ym, be the roots of fi, 91, ..., I,
the roots of fy and aq, ..., a,, be the roots of f, i.e.

{0517-'-a05m}:{'71a- ’7m17 1, m2}

Then by writing f = fo, [[[2,(z — ;) and g = g, [[;_,(z — B;), we can use
property 4) to get

R(f- f2,9) = R(f,9) = [y ,TH
= f1m1f2mggn H H _BJ>

— (ffmlgn ! H(% - ﬁj)) <f2m2-g H(5 B BJ)>
_ R(fl,g)~R7(f2yg)- ’
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The multiplicativity in the second argument follows from 2).

6) We have to show that R(f,g) cannot be resolved into two factors each of
which is polynomial in the coefficients of f and ¢g. First, we need to realize
that R(f,g) has a term f gi" obtained from the diagonal of the determinant
and that this is the only term of R(f, g) containing f7 so that if we expand
R(f, g) in powers of f,,, we have

R(f,9) = fmgo' +afp '+ ..

where a is not divisible by go. Indeed, by looking at the Sylvester matrix,
we get a term fog" f7!, where fog" is clearly not divisible by go. This is
the only term in f7~! that is not divisible by gy, since all the other terms in
=1 contain a positive power of go. Therefore, if R(f,g) can be written as
a product of two factors, we have

R(f,g) = (fPrgd + M\ fot 4 L )(fP2g® + Mofrt + ),

where A1, Ay are polynomials in the coefficients of f and g, p; + p» = n and
¢1 + g2 = m. In addition, we have that either ¢; or g is zero since otherwise
the coefficient a of f7~1is gd' Ay + g1, i.e. is divisible by gy which is not
the case. Thus, one of the factors of R(f, g) is independent of the coefficients
of g as both factors must be homogeneous in the coefficients of g. Similarly,
one of the factors must be independent of the coefficients of f, i.e

R(f.9) = (fs + )95 + )

Since the coefficient of f in R(f, g) is g§* and the coefficient of gJ* in R(f, g)
is f, we have that

R(f,9) = (frn+ )95 + ) = Fng0"

Since this is not true, we cannot write R(f,g) as a product of two factors
and so R(f,g) is irreducible. O

Proposition 5.5. Let f = f, 2™+ ...+ fo and g = g, + ... + go be two
non-constant polynomials of klx| with f,, and g, non-zero. Then there are
polynomials A, B € k[z] such that

Af+Bg=R(f,9)

In addition, we have that A, B € Z[fo, ..., fm; 90s ---» gn][Z].

o8



Proof. The proposition is trivially true if R(f,g) = 0, by simply choosing
A= B =0. Thus, we may assume that R(f,g) # 0. We will first prove that
there are A, B € k[x] such that

Af + Bg=1. (5.3)

Let us write

1A n—1
A=as+ax+ ...+ ap_12" ",

B = b() + bll‘ + ...+ bm_ll’m_17

where we will regard the n + m coefficients ao, ..., ap-1,bo, ..., bn—1 as un-
knowns in k. If we replace f,g, A and B by their expanded expression into
equation (5.3), we get the following system of linear equations:

Frnln_1 + Gnbm_1 =0 coefficients of z™+"1
Jm—10n-1 + fnn—2 + gn-1bm—1 + gnbm—2=0 coefficients of z™*"~?

(5.4)

Joao + Jobo =1 coefficients of z°.

These equations are the same as , except for the 1 in the last equation.
Therefore, the coefficient matrix is the Sylvester matrix of f and ¢ and so
R(f,g) # 0 guarantees that has a unique solution in k. In this situa-
tion, we can use Cramer’s rule to get the unique solution of (5.4). In this
solution, the i-th unknown is given by a fraction, where the denominator is
the determinant of the coefficient matrix and the numerator is the determi-
nant of the matrix where the i-th column of the coefficient matrix has been
replaced by the right-hand side of the equation . In our case, the first
unknown ag is given by

0 9n
0 fm In—1 9n
0 fmfl fm In—2 YGn—-1 UGn
1 : fm : In
ap = ——— det . .
R(f7 g) . 90
Jo 90
Jo : 90
1 Jo 90
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We have already shown in the proof of Proposition 3), that a determinant
is an integer polynomial in its entries. Therefore we have

an integer polynomial inf;, g;
ag =
R(f,9)

In the same way we get similar formulas for the ajs and the bls. Since

A =ap+a1x+...a, 12", we can take out the common denominator R(f, g)
to get
i-—1 4
R(f.9) "

with A € k[z] and the coeflicients of A are integer polynomials in f; and g;.
Proceeding in the same way, we obtain

- 1
PR

with B € k[z] and the coefficients of B are integer polynomials in f; and g;.
Since A and B are such that Af + Bg = 1, we can multiply this equality by

R(f,g) to get
Af+Bg = R(f,9),
where A, B € Z[fo, .-, fm, G0 -+, gn][Z]- O

If we consider a polynomial f € k[x] with deg(f) > 1 and its derivative
I’ € klx], then their resultant R(f, f') has a special name and property.

Definition 5.6. Let f € k[z] be a non-constant polynomial and consider its
derivative ' € k[x]. Then the discriminant of f is

A(f) = R(f. ).

Lemma 5.7. Let f € k[z] be a non-constant polynomial and consider its
derivative f' € klx]. Then A(f) = 0 if and only if f has a root of multiplicity
greater than 1.

Proof. This is a direct consequence of Proposition O

Example 24. Let us consider f = ax?+ bz + ¢, where a,b,c € R and a # 0.
Then its derivative is given by f’ = 2ax + b and we have

a 2a 0
A(f)=R(f,f)=det [ b b 2a]| =ab®+4a’c—2ab* = —a(b® — 4ac).
c 0 b

The expression § = b> —4ac is the definition of the discriminant of a quadratic
polynomial in R[z] given at secondary school. The polynomial f has a double
root in R if and only if A(f) = 0 if and only if § = 0, because a # 0.
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There are other ways to compute the resultant of two univariate polynomials
f and g, for example the Bézout-Cayley’s method. Indeed, if f and ¢
have the same degree n > 0, then we can consider the following matrix.

Definition 5.8. Let f, g € k[z] be polynomials of degree n > 0. The Bézout
matriz of order n associated to f and g is the matrizc

B(f, g) = (bij)i,jzl ,,,,, n

where the coefficients result from the bivariate polynomial

f(ﬂf)g(y; - ;(y)g(ﬂf) _ Z by, (5.5)
1,j=1

The expression given by the left-hand side of equation is indeed a poly-
nomial. This can be checked by Study’s Lemma: the denominator f = z —y
is an irreducible polynomial in k[z,y]. We have that f vanishes if and only
if z = y. But in this case, the numerator § = f(x)g(y) — f(y)g(x) € k[z, ]
also vanishes, so that Z(f') C Z(g). Therefore, by Study’s Lemma, f divides
g and we can conclude that the left-hand side of is a polynomial. We
can also check that this polynomial is of degree at most 2n — 2. Since f
and g are of degree n, we can conclude that f(x)g(y) — f(y)g(x) is of degree
at most 2n. In addition we have that f,z"¢,y" — fL,y"g,2" = 0, so we can
conclude, that the numerator has degree at most 2n — 1. Since we divide
by a denominator of degree 1, we can conclude that the polynomial we are
considering has at most degree 2n — 2.

The Bézout matrix has the following relation with the resultant.

Proposition 5.9. With the above notations,
R(f,9) = Adet(B(f,9)), A€ k\{0}.

Proof. The argument is very similar to the one presented in the proof of
Proposition 4). Let us denote R’ = det(B(f, g)). This is a homogeneous
polynomial in the coefficients of f and g and of degree 2n as the resultant
R(f,g). Indeed, by construction of the matrix (b;;);j=1,..n, each entry is
a homogeneous polynomial in the coefficients of f and ¢ and of degree 2.
Since the matrix is in addition of order n, its determinant is a homogeneous
polynomial in the coefficients of f and g and of degree 2n. If R(f,g) = 0,
then we also have R’ = 0. Indeed, if R(f,g) = 0, then there exists a € k
such that f(a) = g(a) =0 and so

f@)g) = fWlgla) _, _ zn: b lyil = zn: (Zn: bij&i—1>yj—1.

a —
Yy 1,j=1 J=1
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It follows that

=0
a—y
<~ Z bijai_l =0
=1
1
«
<= B . =0
an—l
< R' =det(B(f,9)) =0.

So the zero-set of R(f,g) is contained in the zero-set of R’ and since the
resultant R(f,g) is irreducible by Proposition [5.4, 6), we have by Study’s
Lemma that R(f, g) divides R’. Since we have shown before that R(f, g) and
R have the same degree, there is A € k\{0} such that R(f,g9) = AR'. O

Note that if f, g € k[z] have degree n > 0, then the Bézout matrix has order
n, but the Sylvester matrix has order n + n = 2n, so that we can conclude
that the Bézout matrix is more compact. However, the entries of the Bézout
matrix are much more complicated expressions than the ones of the Sylvester
matrix.

Example 25. Let us consider f = 2% + 1 and g = 22> + 3z in C[z]. Since
deg f = deg g = 2, we can compute the Bézout matrix of f and g.

f@)gy) = fy)g(z)  («®+1)(2y° + 3y) — (y* + 1)(22° + 3x)

r—=1y r—=Y
222y + 32” + 2y% + 3y — (22°y* 4 3wy + 22° + 3x)
— "
_ Bay(r—y) + 2@ +y)(y —x) +3(y — )
r—y

=3zy —2(x+y)—3
Therefore, we get by Proposition

3 -2

R(f,g):/\det< ) 3):—13)\7&0

and so we can conclude that f and g have no common root. Indeed, we can
check that R(f,g) = 13 and so in this case A = —1.
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5.2 Applications of Univariate Resultants
5.2.1 Elimination

Resultants can be used for elimination. Indeed, consider f = x?y + 2 and

g =z +y in Clz,y] and regard them as polynomials in x with coefficients

that are polynomials in y. Computing the resultants of f and g, which we

denote by R.(f,g) to show that we regard f and g as polynomials in x, we
get

y 1

R(y) = Ro(f,9) =det [ 0y

2 0wy

Let b € k. Then f(z,b) and g(x,b) have a common root if and only if
R(b) = 0. In that case, there is a € k such that f(a,b) =0 = g(a,b).

More generally, if f and g are any polynomials in k[z,y| in which z appears
to a positive power, then we can compute R(y) = R.(f,g) by considering f
and g as polynomials in k[y|[z]. In this way, the coefficients of f and g are
in y and Proposition 3) guarantees us that R(y) € k[y]. In addition by
Proposition [5.5, we know that R(y) € I = (f,g). Thus if we consider the
lexicographic ordering on k[z,y| with > y > 1 and f,g € k[z,y], we get
that R(y) € I Nk[y] = I, where [; is the first elimination ideal of I. This
shows that for f, g € k[z,y], we can use the resultant R,(f,g) to eliminate x
and it is the same kind of elimination that we did in Section However,
in general we don’t have that (R(y)) = I;. Indeed, consider the following
example: let f = 22+ 9?> + 1 and g = 22 + 23> + 1 be two polynomials in
klx,y] and let I = (f, g). By considering the lexicographic ordering on k[z, y]
with x > y > 1, we get by an easy computation that I, = I Nkly] = (y?).
On the other hand, by using SINGULAR, we obtain

0
1| =vy*+2

1 0 1 0
o . 1 0 1 oy
0 y2+1 0  22+1

Therefore we have that R(y) = y* € I}, but y> € (R(y)), so that I, # (R(y)).

5.2.2 Bézout’s Theorem

Another application of the univariate resultant is Bézout’s theorem. Recall
therefore that the projective plane P?(k) is defined as the set of lines in &*
that pass through the origin. It makes sense to speak of the zero set in P%(k)
of a homogeneous polynomial. Such a zero set describes a projective curve in
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P?(k). We will consider here only the weak form of Bézout’s theorem which
has as nice consequence Pascal’s Mystic Hexagon theorem which is stated in
Ideals, Varieties, and Algorithms [0 p.434].

Theorem 5.10 (Bézout’s Theorem-Weak Form). Let f and g be two
homogeneous polynomials in klz,y, z], without common factors and of degree
m, respectively n. Then Z(f) N Z(g) is finite and has at most n - m points.

Proof. Let us assume that Z(f)NZ(g) have more than n-m points, which we
label po, ..., pum- Let L;; be the line through p; and p; for i,j € {0,...,nm}.
Then pick a point

0¢2(f)uzig)u(JLs).

We can make a linear change of coordinates such that ¢ has the coordinates
(0,0,1) in the new system. Indeed, if (a, b, c) are the coefficients of ¢, then
there is an automorphism A from P%(k) to P?(k) such that

A:P*(k) 3 {a,b,c) — A({a,b,c)) = (0,0,1) € P*(k).
Indeed, if ¢ # 0, then we can consider the following automorphism:

1 0
A:{a,b,c)— {(a,b,c)- M) =1(0,0,1), where M =] 0 1

_a _
c

€ GLs.

o= O O

b
c

If ¢ = 0, we have that either a # 0 or b # 0 since otherwise (a,b,c) & P?(k).
Suppose that a # 0, then we can consider the automorphism A = B o (),
where:

C:{a,b,c) — (c,b,a) and

1
B :{a,b,c) — ((a,b,c)- M) =(0,0,1), where M = | 0 € GLs.

o= O O

The case b # 0 is analogous. Let us write f = > " fiz" and g = Y7 g,
as polynomials in z with coefficients f;, g; € k[z,y]. Since f(0,0,1) # 0,
g(0,0,1) # 0 and f and g have no common factor, the univariate resultant
R(f, g, z) with respect to z is a non-zero homogeneous polynomial in z and y
of degree n-m. It is indeed a homogeneous polynomial in x and y, since f and
g are homogeneous in k[z,y, z] and by construction of the resultant. Let us
denote p; = (x4, Y, 2;) for i € {0,...,n-m}. Then, we have R(f, g, 2)(x;,y;) =
0 for each ¢ € {0, ...,n - m}. If there were p; = (x;, y;, z;) and p; = (x;, 9, 2;)
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such that z; = x; and y; = y;, then we would get that (0,0,1) € L;; which
contradicts our assumption. Therefore it follows that the (nm + 1) points
(x;,y;) are distinct which is a contradiction to the fact that R(f,¢,2) is a
non-zero homogeneous polynomial in x and y of degree n - m. ]

5.2.3 Computation with Algebraic Numbers

Let o and 8 be algebraic numbers over Q. They are represented by their
minimal polynomials f,g € Q[z], i.e. the unique irreducible and monic
polynomials satisfying f(«) = 0, respectively g(5) = 0. In the case where
ged(deg(f),deg(g)) = 1, we would like to find the minimal polynomials s and
p for their sum « + 8 and their product « - 8. Unfortunately, the solution
to this problem is not straightforward, but we can show that the minimal
polynomial of o 4 (3 is an irreducible factor of the univariate resultant s and
the minimal polynomial of « - 8 is an irreducible factor of the univariate
resultant p, where s and p are given by:

s(y) = R(f (@), gly — o), ) and p(y) = R(f(), g(2) -2, )

Since «v is a common root of f(x) and g(a+ [ —z), we have by Proposition
that s(a + 8) = 0. Analogously, since « is a common root of f(x) and
g(%ﬁ) -248(9) e have by Proposition that p(a-B) = 0. The polynomials
s and p are monic. Indeed, let us write

fla) =2+ frnaz™ .+ fo,

g(x) = 2" 4+ gp1z™ P+ ..+ go.
Then we get

gy —2) = —2)" + go1ly =)™ + ..+ g0
= (=2)" + (gu—1 +ny) (—2)" 7+ "

Hence, we get

1 (=)™
: 1 : (=)™ o :
s(y) = det . ' =" + terms of degree < nm in y.
Jo Sy :
Jo y"
n C()lemns m C(;Emns
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So that we can conclude that s is monic. Similar for p, we have

y n n n— n
g(;)x =Y + Gn-1Y 1+...+ggx.

Hence, we get

1 go
1 9o
p(y) =det | fo oyt '
Jo y"
n COT;mHS m CO}EmHS
=y"" + terms of degree < nm in y. (5.6)

It follows that s and p are monic polynomials that vanish for a4+ 3 and « - 3
respectively and so the minimal polynomial for oo+ ( is a factor of s and the
minimal polynomial of « - 3 is a factor of p.

Example 26. Consider the following algebraic numbers:
a=+2 and 8 =—VT.
Their minimal polynomials are
f(z) = 2% — 2 respectively g(z) = 2° + 7.

Note that ged(deg(f), deg(g)) = ged(2,3) = 1, so that we can use the formula
from above. We have that g(y — z) = —2°® + 3yx? — 3y?x + (y> + 7) and by
using SINGULAR with the code resultant(f,g,x), we get:

s(y) = R(f(x), g9y —x),x) = y® — 6yt + 149° + 12¢y* + 84y + 41.

Since this polynomial is in addition irreducible, we can conclude that in this
case s is the minimal polynomial of o+ 5. On the other hand, we have that
g(¥) - x4 = 72% + 3 and by using again SINGULAR, we get:

p(y) = R(f(x),g(%) Cde29) 1) = o8 — 941192,

Again, this polynomial is irreducible, thus we can conclude that p is the
minimal polynomial of a - S3.
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Remark 11. In Example we even got the minimal polynomials of the
sum and the product of the considered algebraic numbers. However, this
is not true in general. Indeed, by , we know that p has degree n - m
if degav = n and degfS = m. Let @ = V2 and f = ¢%'. Their minimal
polynomials are

f(z) = 2® — 2 respectively g(z) = 2? +z + 1,

so that « is of degree 3, [ of degree 2 and degp = 2 -3 = 6. However, the
minimal polynomial of o - 3 is given by

m(z) =2 — 2,

thus p cannot be the minimal polynomial of the product of o and 3. Nec-
essary and sufficient conditions on o and [ such that p is the minimal poly-
nomial of o - 3 are analysed in Two Ezercises Concerning the Degree of the
Product of Algebraic Numbers [10]. For more details on the minimal poly-
nomial of o + [ consider Degrees of Sums in a Separable Field Fxtension
[16].

5.3 Comparison of Groebner Bases and Univariate Re-
sultants

An interesting comparison of Groebner bases and univariate resultants was
given by Marko Roczen in Grébner Bases and Resultants [23]. Let us consider

f=ux™ + ...+ ux + ug

and g =v,2" 4+ ... + vix + vy

in kfug, ..., Uy, Vo, ..., Uy ][x], so that we regard the coefficients wy, ..., u,, vo, ..., v,
as variables. We have seen in sections [1.5.2] and 5.1] that Groebner bases and
resultants can be used to eliminate a variable. A natural question is if one
tool is better than the other.

For n = 2, we consider the lexicographic ordering on [ug, u1, us, Vo, v1, Va[Z]
with = > ug > uy > us > vg > vy > vy > 1. To get the first elimination ideal
of I = (f,g), we compute the Groebner basis of I using SINGULAR and we
only have to consider the elements that do not contain x. This is apparently
only the first polynomial. Now we compute the resultant R(f, g) using again
SINGULAR. Apparently, this is the same as the first element of the above
computed Groebner basis.
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ring r=0, (x,u(0..2),v(0..2)), 1p;

poly f=u(2)*x2+u(1)*x+u(0);

poly g=v(2)*x2+v(1)*x+v(0);

ideal I=f,g;

std(I);

_[11=u(0) 2*v(2) 2-u(0) *u (1) *v (1) *v (2) -2*%u (0) *u(2) *v (0) *v (2)
+u(0)*u(2)*v (1) 2+u(1)2*xv(0) *v (2) -u(1) *u(2) *v(0) *v (1)
+u(2)2*v(0)2

_[2]=x*u (1) *v(2) -x*xu(2)*v (1) +u(0) *v (2) -u(2) *v (0)

_[3]=x*u(0)*v(2) -x*u(2)*v(0)+u(0) *v (1) -u(1)*v(0)

_[4]=x*u(0) *u(2) *v (1) -x*u (1) *u(2) *v(0) -u(0) 2*v(2) +u(0) *u (1) *v (1)
+u(0) *u(2)*v(0) -u(1)2xv(0)

_[5]1=x2*v (2) +x*v(1)+v(0)

_[6]=x2%u(2)+x*u(1)+u(0)

> resultant(f,g,x);

u(0)2xv(2)2-u(0) *u (1) *v (1) *v(2) -2*xu(0) *u (2) *v (0) *v (2)

+u(0) *u(2)*v (1) 2+u(1)2*xv(0) *v (2) -u(1) *u(2) *v(0) *v (1)

+u(2)2%v(0)2

V V. V V V

Doing the same for n = 3, there is no problem but already for n = 4, SINGU-

LAR will not be able to compute a Groebner bases of I within a reasonable

amount of time. However using the command resultant, SINGULAR gives

us the solution within moments. Thus, this example shows how resultants
can be a useful tool to solve polynomial equations in cases where Groebner
bases may fail. The reason is that the output contains too many unwanted
elements and, as a result, the Buchberger’s algorithm becomes hopelessly
slow.

5.4 Multivariate Resultants

Next, we will extend the notion of the resultant to multivariate polynomials

in kf[zy,...,z,]. We will start by defining the resultant of two homogeneous

polynomials in two variables. Let us consider the following two homogeneous
polynomials of degree dy, respectively ds.

d di1— d
F = fd1$11 —+ fdl_lxll 1.1‘2 + ...+ fol‘Ql,

d da—1 d
G = 94,27 + ga, 127" T2+ ...+ goxy’.

Let us now consider :pr_lF, fo_ngF,...,x;lQ_lF, xfl_la xfl_QxQG,...,xgl_lG

so that we get the following system of equations
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do—1_.dq

71;1

:L'Q,

di+da—1 da—1,_d da—1
fa T A for? T ! =a K
di+d2—2 da—2, di+1 do—2
fa, 202 Pag 4+ L+ forP P aS T = 2P, F
i da—1 di+dz—1 da—1
fay o' ey 4 fory T xy’
do+di—1 do—1,d d1—1
9a 07T T goa T ! G
do+d;—2 da—2, di+1 di1—2
9a, 07> Py o gor Ty = 2P G
dy di—1 di+dz—1 di—1
9ar 01 w5 T A gorhy T =53 G
The matrix where the rows are given by the left-hand side of these equations
and the columns are the coefficients of z{! T~ pfitd2=2  pdipda—d
-2 1 1 o
g2t Tl g given by
fd1 fO
fd1 fO
M = fd1 fO
9ds 90
9ds 9o
Gd, 90

Definition 5.11. The multivariate resultant R(F,G) of F' and G is de-
fined as the determinant of this matriz M.

Since this matrix is the transpose of the Sylvester matrix of f = Y"1 f;z"
and g = Z?:o g;@?, the resultant of I’ and G is equal to the univariate
resultant of f and ¢g. From this equality follows directly that the resultant

has the same properties as the one of f and g.

Proposition 5.12. Let

d d1— d
F = fd1$11 —+ fdl—lwll 11‘2 + ...+ f()ZL‘Ql,

d do—1 d
G = 94,77 + 9a, 177" To + ...+ Goy’,

and R(F,G) be the resultant of F' and G. Then

1) F and G have a common non-zero root if and only if R(F,G) = 0.
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2) R(F,QG) is irreducible.
3) There are A, B € Z[fo, ..., fm, 9o, -, gn] such that

R(F,G) = AF + BG.

Proof. As already mentioned before, the proof is analogous to the proof in
the univariate case which can be found at the beginning of Section O

Next, we will define the resultant of n homogeneous polynomials in n vari-
ables. The general theory of the resultant is parallel to that already given for
two variables, but it involves points of much greater difficulty. In this part
we are following Introduction to resultants|26].

Let Fi, F5,..., F,, be n homogeneous polynomials in n variables

Fi(xy,..,z,) = ... = F(2q,...,x,) = 0. (5.7)

Let us assume in addition that these polynomials are of positive degree d,
ds,..., d, and let us write them as

_ E (@) J1 j
E - le?"'?jnxl Tt xnn’

where the sum is over all C’Zﬁrdi_l monomials of degree d; in x1,..., z,,. Again,
the question is to determine whether there is a non-zero common root of
Fy...., F,. To give an answer to this question, let us introduce a variable
u(i3 . for each coefficient cg? of F;. Let Z[u] be the ring of polynomials

j17""] ""7jn
with integer coefficients in these variables. Note that the total number of

variables in kfu] is N = 3" | Cgidi—r

Theorem 5.13. Let Fy, Fs,..., F,, be n homogeneous polynomials of positive
degree di, ds,..., d,. Then there ezists a unique polynomial R € Z[u] such
that

1) Fi,..., F, have a non-zero common root in k™ if and only if
R(Fl, ceey Fn) - O

2) R is irreducible in k[u).
3) R(z{, .. %) =1,

n

Remark 12. From condition 1) follows that R(z%, ..., z¢) # 0, since F} =
%, ..., F, = z%) only has zero as common root. Therefore we can conclude
that R(z{", ..., 2%) = ¢, where ¢ € Z. Condition 3) is necessary to guarantee

uniqueness of the polynomial R.
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Proof. We will only give a sketch of this proof: Recall that the total number

of variables in k[u] is N = > | C’gﬁrdi_l, so that kY is the space of values

for coefficient of F1, ..., F,,. Then there is a subspace W = {(u, (x1,...,x,))}
of k¥ x P"~1(k), the incidence variety, such that

Fi(a)(xy,...,x,) =0 foralli € {1,...,n}, for {(u, (z1,...,2,))} € W.
Now we consider the following projection:
W = {(@, (1, ..., z,))} TN x P"HE) 2 pry (W) = {a} =V C &V,

where V' is exactly the space of those values of coefficients of I, ..., F,, when
the system has non-zero solutions. It turns out that V = Z(R), where
R is the unique irreducible polynomial in Z[u| that satisfies 1) and 3). More
details of the proof can be found in Introduction to Resultants [26, p.8]. O

Definition 5.14. The polynomial R € Z[u] defined in Theorem is the
multivariate resultant of the system (5.7).

The multivariate resultant R of the system ({5.7) has the following properties:

Theorem 5.15. The multivariate resultant R is homogeneous of degree d; -
weordi_1-diy1...d, in the coefficients (ut(f) s a;| = d;) for each fizedi € {1,...,n}.

Proof. Let us show for example that R is homogeneous in the coefficients of
Fi.

R(Fy,...,F,) =0 < F; = F, = ... = F, has a non-zero solution
<= MFy =F,=..=F, \+# 0 has a non-zero solution
< R(\Fi,....F,) =0,A\#0.

Let us denote R’ = R(AF1, ..., F},,). Then R’ is irreducible in the coefficients
of Fi, ..., F}, since otherwise R will be reducible. Indeed, we have that

R'(u) = R'(uy, ug, ..., up) = R(Auy, ug, ...uy).
If R is reducible, we can decompose R'(u) in two factors:
R(u) = Ry (u) - By(u) = R(Au, ug, ..., tin).

By the change of variable u; — %ul, we get

1 1
Rll (Xulgu27 ,U/n) ' RIQ (Xu’huQ; aun> = R(Ul,UQ, ’un)
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i.e. we get a decomposition of R, which is a contradiction to the fact that
R is irreducible. Since Z(R) = Z(R'), it follows that there is 7 # 0 such
that yR = R’. Looking at the monomials of R’ in ug?, we can conclude
that v = A%, where a is the degree of the monomial in coefficients of F.
Therefore, all the degrees are the same and finally R is homogeneous in the
coefficients of F. The degree of the multivariate resultant R is a consequence

of Bézout’s Theorem. O

Next, we would like to compute the multivariate resultant of Fi,..., F,,. There-
fore we will denote in the following a monomial x7*x5? - - - x% by z® and we

will write |a| = a1 + ag + ... + a,.

Definition 5.16. If I, ..., F,, are homogeneous polynomials of degrees dy, ..., d,,,
thend :=dy +dy+ ... +d, —n+1 s called the eritical degree.

Note that the critical degree d is the smallest integer which has the following
property: Every monomial % of degree d = |a| is divisible by a:f for at least
one index i € {1,...,n}. Otherwise, if there was no i € {1, ...,n} such that z%
divides 2%, then x* would have at most degree (d;—1)4(dy—1)+...+(d,—1) =
di +dy + ... +d, — n < d, which is a contradiction to our assumption. We
would like to have a partition of the set of monomials of critical degree. For
this reason, we introduce the following definition:

S; == {2" : |a| = d and i is the smallest index such that = divides 2}.

In other words, 5 is the set of all monomials x® of degree d and with a; > d,
while S, is the set of all monomials z* of degree d and with 0 < ay < dj,
0<ay <ds,..., 0<a, 1 <d,1. Thus, we have

{.Ta . ’CL| = d} = SlLJSQUUSn
Next, we consider the following system of C¢ 1 equations:
x(l

_dFl =0 forall 2% € Sl
xy

x_dQFQZ 0 for all 2% € Sy
) (5.8)

—F,=0 forallz®€eS,
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Each of these equations can be written as a linear combination of the C%_, ,
monomials of degree d and so the coefficients of these linear combinations
form a C%_, | x C% , | square matrix. Each non-zero entry of this matrix

in one of the indeterminates u( Y .. We will denote the determinant of this
matrix by D,, which has the follovvmg properties:

Theorem 5.17. The determinant D,, is a non-zero polynomial in klu], ho-
mogeneous of degree |S;| in the coefficients of F;, and the resultant R divides
D,.

Proof. The determinant D, is by construction a homogeneous polynomial in
k[u] of degree |S;| in the coefficients of F;. By replacing each F; by z% and
by fixing a monomial ordering on k[x1, ..., z,], the matrix associated to (5.8])
has a determinant which is equal to £1. Indeed, by replacing each F; by x}",
we get in each row of the associated matrix to a 1 and otherwise zeroes.
It remains therefore to show that in each column of the considered matrix,
we only have one 1 and otherwise zeros. We only get more than one 1 in a
column if we have

m;F; = m;F;, for some i,5 € {1,...,n},i # j,

where we have

J @ d .I’b
% _ a _ j _ b
-Fi =T, ,Mm; = —di,I S Sz and Fj = xjj,mj = 7 € Sj.
z; ;(;jJ
It follows that
a a
mil; =m;F; <— —x;" = L = =z,
x;' ;I;jj

However, this contradicts the fact that S; N'.S; = (). Thus, we can conclude
that there is only one 1 in each row and column of the considered matrix
and the other entries are zero and so its determinant is +£1. We can conclude
from this, that D, is a non-zero polynomial. It remains to show that the
resultant R divides D,,. Any zero u of the resultant R corresponds to a
system Fy(y) = ... = F,(y) = 0 which has a non-zero solution y € k™. By
replacing x by y in (5.8)), we get D,,(u) = 0. It follows that the zero set of R
is in the zero set of D,,. Since in addition R is irreducible, we can conclude
by Study’s Lemma that R divides D,,. O]

Let us illustrate the construction of D,, by examples.
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Example 27. Let us consider the case n =3, d; =dy =d3 =1, i.e

(1)

1

Fy = Cg,o,o + Cé,%,oy + Cp0,17
2 2

Fy = Cg,o,(ﬂ + C((),%,oy + C((),()),IZ

3 3 3
F3 = Cg,o,ox + C((),%,oy + 08,3,12-

The critical degree is in this case d = 1+1+1—3+1 = 1. There are C5 = 3
monomials of critical degree and we have

Sy =A{z}, Sy = {y}, Sz = {=}.

The 3 x 3 matrix associated to the system of equations (5.8)) is given by:

x Y z
Fy C%,o C(()%{,o C(()%(%,l
Fy C%,o C((f%,o C(()?(%,l
Fs\ el chlo choa

The columns are indexed by all monomials of critical degree, ordered by
lexicographic ordering on klz,y, z] with x > y > 2z > 1, and the rows are
indexed by multiples of the input equations F}, F» and F3 and are also ordered
by lexicographic ordering on k[x,y, z|. Finally, D, is the determinant of this
matrix and is equal to

—

(2) (3 2 (3 (1) 3) (1) (2

_ 1)
Dy =¢1 6001001 T €1.00€01.0%001 T €1.0.0C0,1,0C

3 (2 O 2 1 3 1 3
_(01,0,000,1,000,0,1 + €1,0,0€0,1,0€0,0,1 T €1,0,0€0,1,0C

1

707
L)

Example 28. Let us consider the case n =3, dy =dy =1, d3 = 2, i.e.

o O

1 1 1
Fy = 0(1,()),0x + C((),i,oy + C((),()],IZ

2 2 2
Fy = %007 + et 09 + o2

3 3 3 3 3 3
Fy = e 0% + ey oy + o 022 + ) gy + ¢y 13z + ) 1y,

The critical degree is in this case d = 1+1+2—3+1 = 2. There are C? =6
monomials of critical degree and we have

S, = {xQ,xy,xz}, Sy = {yz,yz}, Sy = {z2}.
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The 6 x 6 matrix associated to the system of equations ({5.8) is given by:

x? xy xrz y? yz 22
tF (o ie o O 00
(3 0 CS()),O 0 C((),i,o 683,1 0
=z 0 0 C(f&o 0 Cég,o 813 1
yFy 0 Cf(%,o 0 C(()?%,o C(()?(%,l 0
2Fy 0 0 Cf()) o O C((f%,o C(()Q()) 1
1-F3 Cg?()),o ﬂ,o 53())1 C(()?%,o C((),%,l 08?8,2

The columns are indexed by all monomials of critical degree, ordered by
lexicographic ordering on klz,y, z] with x > y > 2z > 1, and the rows are
indexed by multiples of the input equations F, F» and F3 and are also ordered
by lexicographic ordering on k[x,y, z]. Finally, D, is the determinant of this

matrix which we can compute using SINGULAR:
1 2 3 2) (3 1 2 3
D, :(Cg 3 0)3(0(() % 0)20((),()),2 - ( 0 1 ,0€ (()3 10(() % 1+ (Cg (% O)S(C((),[%,I)QC((),%,O

20)ct
2) (3
()] + (c 3 )26(%05 Oc(()())lct(),i,l

2(683,0)20811)0@&23 océa,oé g 0/ €o ())

+ (c gl()),O)QCé,l,O (()10 8231C§3 — (o 30) %0 (()()) )2 5310

+ (chi0.0) chia ot oot — 2(h00) ch0.1€10,060.0160 20

— (e100)con (bt o) eis + (h00) b1 co1 ochn e o

530(08%3,0)2(05 ()),0) (()3 _0130( ((J )2 g())oct()g 05331

53 (83,0)2(0(()2()),1) g()] _Cgl())oc(()1 (() (100) 0,1,1
+C§())0 8306&310%,0083005331 +C§1())0 é%ocglc)) 1652())0 é())l 5320
_205())0(()%00(()()) 0630082())10%())04‘013 (ch, 1)( )

100( 3 2e® oci) o) " ()])( i)é

0
(
) €1,0,0€01,0C1,1,0 T € 100( Co,
)

> ring r=0, (a(1..3),b(1..3),c(1..6)),1p;

> matrix A[6][6]= a(1),a(2),a(’),0,0,0, 0,a(1),0,a(2),a(3),0,
0,0,a(1),0,a(2),a(3),0,b(1),0,b(2),b(3),0,0,0,b(1),0,b(2),b(3),
c(1),c(4),c(5),c(2),c(6),c(3);
> print(A);

a(1),a(2),a(3),0, 0, 0,

0, a(1),0, a(2),a(3),0,

0, 0, a(1),0, a(2),a(3),

0, b(1),0, b(2),b(3),0,

0, 0, b(1),0, b(2),b(3),
c(1),c(4),c(5),c(2),c(6),c(3)
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> det(A);
a(1)~3*b(2)~2*c(3)-a(1)~3*xb(2) *b(3) *c(6) +a (1) "3*b(3) ~2*c(2) -
2+a (1) ~2*%a(2) *b (1) *b(2) *c (3)+a (1) ~2*a(2) *b (1) *b(3) *c(6)+a(1)~2
a(2)*b(2) *b(3) *c(5) -a(1) ~2*a(2) *b(3) ~2*c(4)+a (1) ~2*a(3) *b (1) *
b(2)*c(6)-2*xa(1)~2*xa(3)*b(1)*b(3) *c(2)-a (1) ~2*a(3)*b(2) ~2*c(5)
+a(1)~2*xa(3)*b(2) *b(3) *c(4)+a(1)*a(2) ~2xb (1) ~2*c(3)-a(1) *
a(2)~2+b (1) *b () *c(5)+a(1)*a(2)~2+¥b(3) ~2*c (1) -a(1)*a(2)*a(3) *
b(1)~2xc(6)+a(1)*a(2)*a(3)*b(1)*b(2)*c(5)+a(1)*a(2)*a(3)*b(1)
b(3)*c(4)-2*xa(1)*a(2)*a(3)*b(2)*b(3) *c(1)+a(1)*a(3)~2+xb(1)~2
c(2)-a(1)*a(3)~2xb(1)*b(2)*c(4)+a(1)*a(3)~2%b(2) ~2*c (1)

Since the construction in Theorem makes sense for any ordering of the
variables, any variable x; can play the role of the last variable z,. Let us
denote by D; the associated determinant of the system (5.8)), where z; is
considered as the last variable. With this notation, we have the following
result.

Corollary 5.18. The resultant R is up to a constant the greatest common
divisor of the determinants D1, ..., D,,.

Proof. Let us denote by G the greatest common divisor of D, ..., D,. Note
that for D,, we realised that S, is the set of all monomials z¢ of degree
d and with 0 < a; < dy, 0 < ay < do,..., 0 < a,_1 < d,_1. Therefore,
we can conclude that |S,| = d; - ... - d,_1. Tt follows that for D;, we have
1Sy =dy - .- di_y - diyq... - d. We can conclude from this, that the degree
of D; in the coefficients of f; is dy - ... - d;_1 - d;j11... - d,, and so G has degree
at most dy - ...~ d;_1 - diy1... - d,, in the coefficients of f; for each i € {1,...,n}.
By Theorem [5.15 R has degree d; - ... - d;— - di1y... - d,, in the coefficients of
fi and by Theorem [5.17] we know that R divides G. It follows that R and
G are equal up to a constant. n

Example 29. Let us come back to Example We have already computed
D3, where z plays the role of the last variable z,, since we considered the
lexicographic ordering on k[z,y, z] with x > y > z > 1. Thus, it remains to
compute Dy, Dy and the greatest common divisor of Dy, Dy and D3 to get
the resultant R. To compute D,, we consider x to be the last variable x,,
i.e. we consider the lexicographic ordering on k[z,y, z] with y > 2z > x > 1.
In this case we get:

Sy ={v* yz,yx}, Sy = {2% zx}, S5 = {a®}.
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The 6 x 6 matrix associated to the system of equations ({5.8) is given by:

y? yz  yw 22 zx a?
yI C((H,o Cé}()],l 51()) o O 0 0
2k 082,0 0 C(()}()),l ¢ 1 o 0
Tk (()%1),0 0 1 1 C(f()),o

ZF2

0
0
0
zFy 0 0 C((f%,o 0 coo1 oo
®
0,2,0

3 3 3 3
1-F3 Cé,%,l 5,3,0 CE),()),z Cg

@

The columns are indexed by all monomials of critical degree, ordered by
lexicographic ordering on klz,y, z] with y > 2z > = > 1, and the rows are
indexed by multiples of the input equations F}, F» and F3 and are also ordered
by lexicographic ordering on k[x,y, z]. Finally, D; is the determinant of this
matrix. The SINGULAR code is analogous to the one of Ds.

Dy —(CS()),O)QC(()B,O(C(()?,OVC(() 3 2 (Cg 3 0 20(()2,06(()? 005)2()),106?%,1
+ 083,0)2083,0 08?3,1)20(()2,0 (% (C(() % 0) C 2 (()?1),0 (()(%
+ CS()),O(C&},O)205?()),00(()2()) 108 1 (C 1 0) é} 823 105 ()) 1
- Cg 3,0(083,0)2(0((53,1) g % ot C% ocg)l% oc(()()) Cg ()) OC(() % 0€ é i
— 261006601 0660161 0.0%00,1€02.0 ~ 10,0601 06010, (01 0)*¢10 1
+ CS()),OC((H,OC&()JJC(()?%,UCE)8 Cg % ot (C((J i 0) (c 50 o) ()1

(C((H,o) Cf(%,oc(()?()),lcf[)),l + (C(() % 0)3(0((),()),1)2053()) 0

~ (chid0) et (eh00) et 1 + (chd0)*chio1 1006010101
+ (bt o) ch01¢10 000100 2(c8%,0>2c83 16610001500
+ C(()li,o(c(()l()) 1)2(0%,0) C(()?%,o 0 1 0(0(()}3 1)2 §2()) OC(() % ch f 0
+ 08}2,0(05%3,1)2(C(()?i,())%g()xo

To compute D, we consider y to be the last variable x,,, i.e. we consider the
lexicographic ordering on k[x,y, z] with © > z > y > 1. In this case we get:

= {:EQ,xz,a:y},
SQ = {Z272y}
= {y’}.
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The 6 x 6 matrix associated to the system of equations ({5.8) is given by:

zFy Cg())o Cé}()],l ‘782,0 0 0 0
1
0

2l 0 CS()),O 0 C((),()),l C&%,o

yI 0 0 (()%1),0 0 C(()T()J,l C&{,o
2 0 Cg,(% o 0 C(()?(%,l C(()?,o 0
yF, 0 0 Cf&o 0 C(()?()),l C((J?i,o
1 F3 Cg}()),o 01?0,1 fi,o CE)?()),z Cg,?,l ((),;,0

The columns are indexed by all monomials of critical degree, ordered by
lexicographic ordering on klz,y, z] with x > z > y > 1, and the rows are
indexed by multiples of the input equations F}, F» and F3 and are also ordered
by lexicographic ordering on k[x,y, z]. Finally, Dy is the determinant of this
matrix. The SINGULAR code is analogous to the one of Dj.

(1 2 3) 1 3
= (g ,3,0)3(0 ,%0)20802 (05,3,0) Céioc(()()) C(()%1
( (1) 2

+ Cg%())o):i(C ?3,1)200?2,0 2(01,0,0) (() 1,0€1,0,0 (()?%,0’3(()33 2

+ (C%()),O)QC(() i,ocﬁgo 820 16 3%1 + (1 ,3 ) %0 " 1,06 E)())lcg ()) 1
(Cg()) 0)20((3,20(0020 1) (3)0 + (C% ) (() 1€ g (()iocéh

= (0P el — (o el 0,

+ (C%()),o 208()),108%,068?()),16531 0T 11())0(081%,0) (652()),0) E)())

- C&)),O(C(()g,o)%g,()) OC(() 3,1033()) 1+ ¢Cpg ¥ (C(() z,o) (C(() 3,1) g())

- (1%3,00(()}%,0083,1(Cf()J,o)%é?)l) 1+ gl()] 0€ ((J,i,o 8310%,008 } ch ()] 1

+ 000 060,01 €10.06001¢1 10 2c§13 océ 10¢00.1660.1,0¢00.1¢50,0

+ Cgl())o( (()}3,1)2(08()),0)20(()2,0 - Cg(% ( ) g (()%,ocﬂ 0

+ lo0(ch,)* (1.0 500

It remains to compute the greatest common divisor of Dy, Dy and D3, which
can be done by using SINGULAR.
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0
1
+‘QCLopcmogc1opcmogcozx)*‘C
)

-~ ©
%)
(=]
=
=
@)
[y
=
k=)
|
@)

2) (3) (1)
,0,0€0,0,1€1,0,1 — (¢

1

2, (3 (
0,0) *Cy1,1 — Co,
€0,0,1%0,1,

0
2 3 1 2) (2 (3
C{SQ)QC{)Q *‘(C&gg QCigpc&gpciip

)

> ring r=0, (a(1..3),b(1..3),c(1..6)),1p;

> matrix A[6][6]= a(1),a(2),a(3),0,0,0, 0,a(1),0,a(2),a(3),0,
0,0,a(1),0,a(2),a(3),0,b(1),0,b(2),b(3),0,0,0,b(1),0,b(2),b(3),
c(1),c(4),c(5),c(2),c(6),c(3);

> poly f=det(A);

> matrix B[6][6]= a(2),a(3),a(1),0,0,0, 0,a(2),0,a(3),a(1),0,
0,0,a(2),0,a(3),a(1),0,b(2),0,b(3),b(1),0,0,0,b(2),0,b(3),b(1),
c(2),c(6),c(4),c(3),c(5),c(1);

> poly g=det(B);

> matrix C[6][6]= a(1),a(3),a(2),0,0,0, 0,a(1),0,a(3),a(2),0,
0,0,a(1),0,a(3),a(2),0,b(1),0,b(3),b(2),0,0,0,b(1),0,b(3),b(2),
c(1),c(5),c(4),c(3),c(6),c(2);

> poly h=det(C);

> poly k=gcd(f,g);

> gcd(h,k);

—a(1)~2+b(2) ~2xc(3)+a (1) ~2*b(2) *b(3)*c (6)-a (1) ~2%b(3) ~2*c(2)
+2*%a(1)*a(2)*b (1) *b(2) *c(3)-a (1) *a(2)*b (1) *b(3) *c(6)
—a(1)*a(2)*b(2)*b(3) *c(5) +a (1) *a(2) *b(3) ~2*c(4)

—a(1)*a(3)*b (1) *b(2) *c(6) +2*a (1) *a(3) *b (1) *b(3) *c (2)
+a(1)*a(3)*b(2) ~2xc(5)-a(1)*a(3) *b(2) *b(3) *c (4)

—a(2)~2+b (1) ~2xc(3)+a(2) ~2*b (1) *b(3)*c(5)-a(2) ~2%b(3) ~2*c (1)
+a(2)*a(3)*b(1)~2xc(6)-a(2)*a(3)*b(1)*b(2)*c(5)

-a(2)*a(3)*b (1) *b(3) *c(4) +2*a(2) *a(3) *b (2) *b (3) *c (1)
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-a(3)~2*%b (1) ~2*c(2)+a(3) ~2xb (1) *b(2) *c (4) -a(3) ~2%b(2) ~2xc (1)

There are other methods to compute the multivariate resultant of n homo-
geneous polynomials in n variables. Indeed, the following proposition gives
a second method to do so.

Proposition 5.19. Let M, be as in Theorem [5.17 and M be the associated
matriz to (@), t.e. D, =det M. Let My be a submatriz of M by throwing
away all rows and columns corresponding to the monomaals of critical degree
x{tx with exactly one i with a; > d;. Let us denote DO = det My. Then
we have

D,
R:I:ﬁ

We will not give a proof here but it can be found in The Algebraic Theory of
Modular Systems [19].

Example 30. Let us come back to Example Since dy = dy = 1 and
ds = 2, obtained by throwing away all rows and columns of D,, corresponding

to the monomials of critical degree x7*...z%" with exactly one i with a; > d;,

the only column that remains is zy and the only row that remains is yF.

For these reasons, we have 0%70. Finally,

D, D,
R= D_QL :E
(Cglc)) o) (c é % 0)20833 2 (CS()),O)268?%7006?3’108?71
( ( é )2 (()3%0 - 205}()),00(()3,005,3,008,%,oc(()?())g
005)23 10(()31) 1+ Cgl(% océ%%,océ?,oc(()?()), ¥
(CE)()) 1)2 g % ot 51()) 0€ g)l()) 1052()) Ocl()? oco,%,
()) OC(() 3 10(()3% 0 Cg 3 oc(() ()) 1 (C(()Qi,o)zcg,og
()J 10(131) ot (08,2,0)2(0%, (
3 1+ (Célf 0)2(08?3,1)2C$c)),0
11 bl 0ch01610,

00)?
1
+cf, océ i oc§3
1
Cg ocg,i,o
00C60,
)
0,

1€

(
1
+ g é% 0)200,0,2

)
0,
)
0
205
) A
,0,0€0,0,1€0,1,0
1) ) 2 (2) ( (
0,1,0) €1,0,0€0,0,1C1
1
(()ioc(()()n(g (()
(1 1
(()%0831 g()JO ())10%1)0_2820(()0 Co,
1
+c100<c001>< o) Chn0 — e o(chin ) ey,
012 (c60)2e50 0.

(2
C
+C100( ((()

(
Co,
())10
0)
(
Co,

—
—
N
=
—
[N}
-
—
w
=

_'_

) 2.
,0,0) o,
) 2.
1,0) €2
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Next, to generalize the theory of multivariate resultant, we would like to
know the multivariate resultant of n non-homogeneous polynomials in n —
1 variables. It is simply the resultant of the corresponding homogeneous
polynomials of the same degrees obtained by introducing a variable xy and
homogenizing the equations.

Example 31. Consider the following system of three quadratic equation:

fi = a2® + axy® + azry + aux + asy + ag,
f2 = b1$2 + b2y2 + ngy + b4l’ + b5y + bﬁ,
f3 = a2’ + ey’ + c3zy + cax + csy + c.

These equations can be homogenized by introducing a new variable, say
z. Since the polynomials f;, fo and f3 all have degree 2, we add to each
monomial a power of z such that it also has degree 2. In this way, we get the
following homogeneous polynomials of degree 2:

FL=a2®+ a2y2 + aszy + ayxz + asyz + a6z2,
Fy = b1z + byy® + bsxy + baxz + byyz + bg2?,

Fy = 122 + coy® + cszy + caz + c5yz + c62°.

This means that we have n = 3 with d; = dy = d3 and we can rewrite F},
F5, F3 in the following way
1 1 1 1 1 1
F = Cg,g,o$2 + C((J,%,oy2 + 08,3,222 + Cg,%,(ﬂy + Cg,()),ﬂz + C((),%,lyza

Fy = ¢ 0% + 00" + o2 + e oay + €107 + e 12,

(3) (3) 3)

_ (3 2 (3) 2 3) 2
F3 = Co0,0T" + Co20Y T Co022 T Ci110TY + €1 1T2 + Ci1Y3-

The critical degree is in this case d = 24+2+2—3+1 = 4. There are C§ = 15
monomials of critical degree and we have

Sl = {[LA, x3y7 .ZU3Z7 x2y2a {EQyZ, 1’222}7
Sy = {xy’, xy’z, vt P2, 727,

Sy = {wy2*,x2%,y2°, '}
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2 F
zyFy
zzF
v R
yzF
22
zyFy
xzFy
Y2 Fy
yzFsy
22 Fy
zyFs
xzF3
yzF3
22 Fy

4

The 15 x 15 matrix associated to the system of equations (/5.8)) is given by:

3 2,2 3 2 3 4 3 2,2

T 2y 23z 2%y 2tyz 2Pz Ty Y’z ayz Tz Y Y’z y‘z
0 o G20 o1 i1 oz O 0 0 0 0 0 0
0 e 0 o o 0 el i . 0 0 00
0 0 ng,o 0 Cﬁ,o C(()g,o 0 Cg}()m Cé}i@ 083,2 0 0 0
0 0 0 Cg()),o 0 0 Cﬁ,o C&%,o 0 C%J 083,1 C(()%%,z
0 0 0 0 0(21())0 0 0 Cﬂ,o C(()g.,o 0 Cg%()),l C((Jlgl
0 0 0 0 0 &y 0 0 e, 0 0 Y,
0 céi)w 0 Cfi,o Cé?%,o 0 Cf()m Cé?,l 083,2 0 0 0
0 0 ng,o 0 Cﬁ 0 C((J?% ,0 0 Cf()) )1 Cé?% )1 CI(J?()J 2 0 0 0
0 0 0o &y 0o 0 By B, o0 R i chon
0 0 0 0 Cg?()),o 0 0 Cfi,o Cé?%,o 0 Cg,()),l 062,%,1
0 0 0 0 0 Dy 0 0 &y cho 0 0 %
0 o 0 o e 0 ey i e 0 0 0 0
0 0 Cg,g()),o 0 ngi 0 C(()?,)% 0 0 Cf& )1 CE)?% 1 CE)?(% 2 0 0 0
0 0 0 0 C(2?()),0 0 0 Cﬁ,o Cé?%,o 0 0 Cf’()),l C(()?,’%,l
o 0o 0o 0o 0o &y 0o 0o &y By 0o 0 Y,

The columns are indexed by all monomials of critical degree, ordered by
lexicographic ordering on klz,y, z] with x > y > 2z > 1, and the rows are
indexed by multiples of the input equations F, F; and Fj, also ordered by
lexicographic ordering on k[x,y, z|. Finally, Dj is the determinant of this
matrix. To get the resultant R, it remains to compute D;, Dy and the
greatest common divisor of Dy, Dy and D3, but we can also use the second
method to compute the resultant.

1 1
s b
R -

0 €200 €101

Therefore, we have

and
Ds 1 2 2) (1) (1
R = iﬁ — D3= :I:DSR = i((cé,g,o)%g,&l - C((),()) QCg ()),105,30)]%
3
More on resultants can be found in Fzxplicit Formulas for the Multivariate
Resultant 7|, Solving Polynomial Equations: Foundations, Algorithms, and

Applications [9], The Algebraic Theory of Modular Systems [19] and Lessons
Introductory to the Modern Higher Algebra [24].
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