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Exercises for the course “Complex Analysis”

Exercise 1:  a) Prepare a lecture on summability (on 08.05.2006);
b) Prepare a lecture on the ”Umordnungssatz” (on 08.05.2006).

Exercise 2:  a) Let A = {(z1,22) € C?| 23 = 0} be the z;-axis. Show that
any holomorphic function f on C?\ A can be developed into a ”Laurent”

series
f(z) = Z Qi 21" 2y
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and find a formula for the coefficients.
b) Prove in addition that the family obtained, (a,,,, 27" 25?), is locally
uniformly summable.

Exercise 3:  Determine the domains of convergence D(f) for the power
series f in two variables

f= Ziﬂyn, f= Z(xy)”, f= Z 52”11)“.

n=0 n=0 v,p1 =0 ’

Exercise 4:  Let (2 C C" be an open set and let 2 Iy € be a Cl-map.
Verify the formula
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det J(f) = det . .
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Exercise 5: (1) Let G C C? be a domain. Let f # 0 be a holomorphic
function on G such that f(a) = 0 for some a € G, a = (ay,a2). Assume



g—zj;(a) # 0. Show that there are open neighbourhoods Ui (ay), Us(az) C C
and a holomorphic function g on U; such that

{(21,22) € Up x Uy f(21,22) = 0} = {(2,9(2))| 2 € Up}.

Hint: use the local inversion theorem for the mapping

(21, 22) = (21, f(21, 22)).

(2) Indicate the generalization of (1) for domains G C C™ x C" and
holomorphic mappings G Iy € with a sketch of the proof.

Exercise 6: (1) Let G C C" be a domain, let f # 0 be a holomorphic
function on G, and let

{ze G| f(z) =0}

be the zero set of f. Show that the interior 2 is empty.

(2) Show that for any a € Z there is a complex line L through a such that
a is an isolated point of LN Z (there exists U(a) such that LNZNU = {a}).
A complex line through a should be the image of an affine map C — C",

z (a1 + Mz, an + Ap2).

(3) Choose a complex line as in (2). Then after a linear change of coor-

dinates there are coordinates z1, ..., z, of C" such that
L={x=ay,...,2n1=an1},
and there are radii 0 < ry,...,r,, 0 < p, < r, such that

{zeC" |z —ay|<rfor 1<v<n—1,p<|z, —a,| <rp}

does not meet Z N P,(a). Draw a figure!

(4) Show, using (3), that any bounded holomorphic function g on P, \ Z
can be holomorphically extended to the whole of P,.

(5) (First Riemann extension theorem) Let g be a holomorphic function
on G\ Z and assume that g is bounded near Z (for all a € Z there exists a
neighbourhood U(a) such that g|yn 7 is bounded). Then g can be holomor-
phically extended across Z.



Definition. Let (X, .A) and (Y, B) be complex manifolds. A continuous map

X LY is called holomorphic if for any charts (U, ¢) € A and (V,v) € B the
map (also called local expression of f) o fop™t:p(UN f7HYV)) = (V)
is holomorphic.

Exercise 7:  Let C 2 € be one of the maps

1/z z2#0,00
fe={0  s=oo | f<z>={z” P
00 z=10 > =T

Show that f is holomorphic and has a holomorphic inverse.

Exercise 8: Let X C C be a domain and let f be a meromorphic function
on X (i. e., there exists a discrete set A C X such that f is holomorphic on
X \ A and has a pole at each a € A). Let X L, € be defined by

: _{f(a:) ifxgA

00 if x € A.
Show that f is a holomorphic map.

Exercise 9: Lt X L YV and X % Y be holomorphic maps between
complex manifolds and assume that f and ¢ coincide on some non-empty
open subset of X. Prove that f = g.

Exercise 10:  Let V 25 V be a linear isomorphism of the C - vector space
V,dimV =n+ 1. Verify that the map (v) — (A(v)) is a holomorphic map
from P(V) to P(V).

Exercise 11:  Let H C C""! be any n - dimensional linear subspace with
equation a(z) = apzg + - - - + anz, = 0, assume that a; # 0 and let

U=P,(C)~PH) S C"

be defined by




Verify that (U, ) belongs to the completion of the atlas

A= {(Uo,¢0), -, (Un,n)}

as defined in the lectures.

Exercise 12: Let C C Py(C) be a conic (defined by a homogeneous
polynomial of degree 2). Then any line L (defined by a linear form) meets
C in 2 distinct points or is "tangent” to C.

Hint: consider affine charts as neighbourhoods of the intersection points.

Definition. Let D C C" be a domain, let fi,..., fr € O(D) be holomorphic
functions and let

A=2Z(f1,.... fi) ={z € D| fi(z) =--- = fu(z) =0}

be the common zero locus. A is called an analytic set. A is called smooth
(non-singular) at a € A, or a is a smooth point of A, if there is an open

neighbourhood U(a) C D such that A N U is a submanifold of U. The
singular locus of A is the complement of the set of smooth points of A.

Exercise 13:  Determine the singular locus of Z(f) C C? for f = 23 — 23

and f = 2 — 22 — 23 and try to draw a picture of Z(f) near the origin.

Exercise 14:  Let f and g be the holomorphic functions on C* given by
f=2+28+2+ 23 and g = 22 — 21 2.

a) Determine the singular locus of Z(f) and Z(g).

b) Determine the singular locus of Z(f,g).

Exercise 15:  Let C C P3(C) be the set of points (zo, 21, 22, 23) with

rank <ZO “1 22) < 1.
Z1 22 X3
a) Show that C' is well defined by this condition and that C' is a smooth
curve, i. e., a submanifold of dimension 1 in P5(C).

b) Can C' be biholomorphic to P;(C) as a complex manifold? If yes,
present a biholomorphic map.

Exercise 16:  Let fy.1,..., fn € Clzo,..., z,] be homogeneous polynomi-
als (of possibly different degrees), 0 < d < n, and let
A= Z(fd-i—la'-'?fn) = {<[E>| fd+1 == fn = 0}
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Assume that rank (a—f’i(a)) = n —d for any (a) € A. Verify that A is a
submanifold of P,,(C) of dimension d.

Exercise 17:  (Rational normal curve in P,(C)). Let P,(C) EN P, (C) be
defined by

f((to, t1)) = (to to= g, ..o ).

Show that
(1) f is a well-defined, injective, holomorphic map;
(2) C = Im( ) is a 1-dimensional submanifold (smooth curve);
(3) P1(C) ENYORT biholomorphic;

(4) Try to find homogeneous polynomials whose common zero set is C
(generalizing the case n = 2).

Exercise 18:  (Quadrics in P,(C))
(1) Let P4(C) C P,,(C) be the inclusion

(20, 2a) = (20, -,24,0,...,0).

Verify that P,(C) is a submanifold of dimension d.
(2) Let Z C P,(C) be defined as the zero locus of the polynomial f =
2+ +22,0<d<n,and let

L={(z)eP,(C)| zp="-- =24 =0}.

(a) Show that L is the singular locus of Z.

(b) Let @ = ZNPy(C) then @ is a submanifold of P4(C) and of P,(C) of
dimension d — 1.

(c) Show that LN Q = () and Z is the union of all those lines in P, (C)
connecting a point in L with a point in Q). (Z is then called the join of L
and @ and denoted LV Q.)

Exercise 19: Let X and Y be complex manifolds with atlases A and B
respectively. Let X X Y be the topological product.

(1) For (U, ) € A and (V,4) € B show that (U x V¢ x 1) is a chart of
X xY;

(2) show that the set of product charts (U x V, ¢ x ¢), where (U, ¢) € A
and (V) € B, is a holomorphic atlas of X x Y.

Exercise 20: Let A C C be a lattice.



(1) Let C/A x C/A £ C/A be the operation of addition in the quotient
group. Show that it is a holomorphic map.

(2) Let @ € C and let C/A % C/A be the map [z] — [a + z]. Show that
« is a biholomorphic map.

Exercise 21: (1) Let A, A’ C C be lattices and let « € C\ {0} such that
aA C A’. Show that the multiplication map

C/A 2 C/N

defined by [z] — [az] is well-defined and holomorphic.

(2) Show that the map -« is biholomorphic if and only if A = A’.
Exercise 22:  Show that a meromorphic function on a torus C/A has
equal numbers of zeroes and poles, both counted with multiplicities.

Hint: consider a meromorphic function f in M(C) and use the integral
[ f'(2)/f(2)dz for a suitable choice of a.
v,

Exercise 23:  Let f be a meromorphic function on C/A, let [a1], ..., [am]
be its zeroes and [b], ..., [b,,] be its poles. Assume that each [a,] or [b,] is a
simple zero or pole and they all are different. Show that

[a1] + -+ [am] = [b1] + - - + [bn]

as elements of the group C/A.
Hint: see previous exercise and consider an integral of zf'(z)/f(2).

Exercise 24: Let v = pr + ¢ be a point of the lattice Z7 & Z. Let
E=ar+b,a,b € R, and let

ee(v, 2) = exp(2miay — wip®T — 2mip(z + €)) =
exp(2miary — mip*T — 2mip€) exp(—2mipz)

be the factor of automorphy of the theta function 6. Verify the rule

€§<71 + 72, Z) = 65(’71772 + Z>€§<727 Z)

for v1,72 € I.
Exercise 25:  Let (f,)nez be the family of meromorphic functions on C
defined as fo(z) = 2 and f,(2) = == + = for n # 0.

6



(a) Show that (f,)nez is locally uniformly summable over C (choose the
exhaustion of C with G,, ={z =z +iy € C| —n <z,y <n}).
(b) Show that the resulting meromorphic function

-1 g ()

has as principal parts exactly the functions ﬁ, n € 7.
(c) Show that f can be written as

f<z>=§+z(zfn+zjn),

n=1

with locally uniformly summable family (g,)n>1, gn(2) = == + lern'
(d) Show that f(z) = wcot(mz).
(Hint: let g(z) = f(z) — wcot(mz); prove that ¢'(z) + ¢'(z + 1/2) = 44'(22)
and verify that ¢ = 0 and g = 0.)
(¢) Show that the family (- ),z is not locally uniformly summable.

Exercise 26:  (a) Let C/Z be the quotient group of (C,+) modulo the
subgroup (Z,+), let C/Z be endowed with the quotient topology. Show
in analogy to tori C/A that C/Z is a Riemann surface with natural charts
defined by C = C/Z. (C/Z is a cylinder).

(b) The functions sin(27z), cos(27z), exp(27rz) define holomorphic func-

cos(mz

tions on C/Z, and the function cot(mz) = Sin(m; defines a meromorphic

function on C/Z.

Let A = Zwy + Zwy and let p be the Weierstrafl function with respect to
this lattice. Let

w1 wo w1 + Wwa
(o(2) ame(2) me(52)

Exercise 27: (1) The set of zeroes of ¢ on C/A consists of [4], [%2], and
[4- + “2], and these are simple zeroes (of order 1).

Exercise 28: (1) Show that ¢'(2)? = (p(2) — e1)(p(2) — e2)(p(2) — e3).
(2) Show that go = ejea + e1e3 + ege3, g3 = —ejege3, €1 + €2 + €3 = 0.

(3) Show that g5 — 27g% = 16(e; — e2)?(e1 — e3)?(ea — e3).
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Hint: one could use the notion of a discriminant of the polynomial 423 —
gox — g3, if known from algebra.

(4) Show that ¢"(z) = 6p(2)* — g2/2, 9" (%) = 2(e1 — €2)(e2 — e3).

Exercise 29:  Let C/A £ C be the mapping of the meromorphic function
©. Show that the fibres of © over points different from ey, e, e3, 0o consist of
exactly 2 points, whereas these values are attained at [%'], [?], and [% + %],
[0] with multiplicity 2.



